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Preface 


This text is an attempt on the part of the author to present a 
unified, sequential, albeit elementary development of what is popularly 
known as “Modern Mathematics". It endeavours at an attainment 
of “mathematical maturity” for the freshers in the colleges or the seniors 
in the schools, depending on the course the students take, while taking 
care of developing their skill at computation. 

It is an elementary exposition of the topics discussed and acquaints 
the students with general ideas of mathematical structures and proofs of 
these topics with a fair amount, although not too much of mathematical 
rigor. A number of exercises, distributed at strategic places are aimed at 
helping the students delve deeper into the ideas presented in the articles. 

Although. the book is mainly intended for the Higher Secondary 
Students of Vidarbha Board and the Pre-University students of Nagpur 
University it can be successfully used in any elementary introductory 
course of Set theory, Functions, Binary operations etc.. The articles 
and problems which are marked with asterisks are outside the scope 
of the syllabus of the aboye mentioned H. S.S.C. and Pre-University 
courses, but each of them illustrates some fundamentally important 
concept. 


The author wishes to take this opportunity to express her deepest 
gratitude to Dr. B. S. Fadnis, Professor and Head of the Department 
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of Mathematics of Nagpur University without whose initiative, en- 
couragement, guidance and overall help this book would neither have 
been started nor ever finished. 


The author is also grateful to Prof. P. W. Kane, the Head of the 
Department of Mathematics, Hislop College, for going through a 
part of the manuscript and making valuable suggestions. 

Thanks of the author are due also to her student Pradip Summanwar 
for copying a part of the manuscript and her sister Ushoshi Guha 
Thakurta for checking answers to most of the problems. 

Any suggestion, opinion, criticism, advice about the book either 
by students or by teachers, will be most welcome. 


Nagpur 
3rd March, 1971 UNG; 
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CHAPTER ONE 


Sets, Algebra of Sets, Venn's Diagrams 


1:1 Introduction : 


George Cantor (1845-1918) in the beginning of this century 
developed an idea which revolutionised the world of Mathematics, 
resetting, beautifying and clarifying the pattern of nearly. every branch 
of the mathematical structure. This idea-that of sets-opened up new 
avenues in mathematical thought and discipline and accelerated the 
progress of Mathematics at a tremendous speed. In fact, the set theory 
is at present being used not only in every branch of Mathematics, 
but in other allied subjects too. 


1:2 Idea of a set: 


Consider the following list : 
England, India, France, Belgium. 


This is а collection of four nations. Consider similarly these 
collections. 


(i) Delhi, Bombay, Calcutta, Madras. 
(i) Rose, Lily, Lotus, Chrysanthemum. 
(iii) Gopal, Madhu, Ramesh. 
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(iv) All integers between and excluding 2 and 10. 
(v) The vowels of the English alphabet. 


Each of these is a collection. (1), (ii) and (iii) are expressed 
by actually listing the objects and (iv) and (v) by fixing the property 
by which we can make thelist if we so desire. Either way, each isa 
collection of certain objects. Moreover, there is no ambiguity in determin- 
ing the objects of the collection in any of these examples. Such a 
collection in Mathematics is called a “set”. Thus, a set is a well defined 
collection or class of distinct objects. : 


1:3 Well definedness and distinctness are the two essential 
Characteristics that must be present in a collection if it is to be a set. 
A collection is said to be well defined provided it is so expressed that 
having given any particular object, we are able to decide whether or not 
it belongs to the collection. This criterion satisfied, a set may contain 
any type of objects as its elements. The properties of, and the laws obeyed 
by a set do not depend on the nature of the elements it contains. 
The following are some examples of collections which are sets 


(i) The collection of all natural numbers. 

(i) The languages spoken in India. 

(iii) The books on a particular shelf. 

(iv) The group of students in a certain class room. 


In the above examples, (1) and (ii) are collections in which the 
elements are objects of thought, whereas (iii) and ( iv) are collections 
in which the elements are objects of perception. However, since each 
of these collections is well defined, each is therefore a set 


Now consider the statement “The capital cities of ". We cannot 
enlist the objects satisfying this statement unless we know of what 
country the capital cities should be. Thus, we cannot form a set out 
of it and hence the collection that this statement may point at, is not 
а set. Consider similarly the expression “ The ten most noble hearted 
men in the world." Though as far as the English grammar is concern- 
ed the sentence is complete, it does not help us decide unambiguously 
as to which men should belong to this collection; for we do not know 
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how to decide the “ most noble hearted men." Hence this statement, 
though forming a collection, dose not form a well defined collection, 
and hence does not form a set. 


16 а collection is to be a set then besides being well defined, the 
elements of this collection must be distinct. That is, one object will not 
be written more than once in the list. For example, the set of integers 
satisfying the equation [x—2 ] [№ — 5 x + 6 ] = 0 is the set of integers 
2, 3, 2, but we shall always write it as the set of integers 2, 3 


1:4 Notation : 


We adopt the convention of using capital letters A, B, C etc. to 
denote sets, and small letters a, b, x, y еіс to denote the objects or 
elements of the sets. 


If the object x belongs to a set A, we call x a member of A and 
write this as xeA. The symbol ʻe’ stands for the words “ belongs to” 
or “is a member of .” Given а set A and any element x, two possibilities 
arise. Either [i] xeA or[ii]x£A This rule is called Law of Dichotomy. 


1:5 There are two ways of expressing a set 


1. Roster form or Tabular form : 


When the actual elements of the set are given, we put them within 
braces and call it a set; for example, the set A of integers 1, 2, 3, 4 is 
written аз А = { 1, 2,3, 41} 


2. Defining property or set builder form : 


When the actual elements forming the set are not given, but a rule 

is given with the help of which the elements of the set can be found, 

“it is said to be in a set builder form. For example, “А is the set of 

all those positive integers which are less than 5", gives us the same set 

as in [1] of this article, only expressed in a different way. This is written 
as 


“А = (х/х is a positive integer and x <5}. The line standing 
' for the words * such that. ° 
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1:6 The forms mentioned above are sometimes convertible 
to each other. For example, 


(i) (x[x3 —3x42—0) can be written as (2, 1} 
(ii) {х/х-+5=5} can be written as (0) 
(ii) (y/y is an integer and 1 < y <7} can be written as 
€ 23) 34,56, 23 
(iv) (m/m is а vowel in the word “recapitulation” } can Бе 


~ written as (a, e, i, о, и} 


In a set, the order in which the elements are |written within the 
braces is immaterial. Thus, (1,9, 7,5}, {1, 5, 7,97, {7,5,9,1} 
all denote the same set. 


1:7 Equality of sets (Principle or axiom of extension ). 

When two sets contain precisely the same elements, they are said to 
:Бе equal. Thus, if every element of a set A is also present in another 
set and conversely, then the set A is said to be equalto theset B and 
we write A — B. 


e.g. (i) Thesets (7, 5, 7, 6), (5,6, 5,7}, (5,6, 7) are equal 
to one another. 


(ii) Let A={(x/#—3x=—2}, B={2, 1}, 
G=({1, 2, 2, 1} Then A=B=G. 

(ii) Let D = { m/m —8 m +16 —0), E—(yly—4—0) 
в = 04}. then = RF 

(iv) Let A = ( х/х is a letter in the word ^ follow " } 
B={ у/у is a letter in the word “ flow” Y 
C=The set of letters in “ wolf” 
D={0,4 f W} 

Then ооо 
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1:8 Singleton or unit set : 


A set containing only one clement is called a unit set or a singleton 
set. 
e. g. (i) The set of integers satisfying the «ок: х— 5 = 0 ie. 
(5) ва unit set. 
(ii) The set of days of the week beginning with the letter w is 
{ wednesday ) and is a singleton set. 
(iii) The set of points in a plane in which two straight lines in- 
tersect is a set containing only one point and is therefore, 
a singleton set. 


1:9 Null set or void set: 

Consider the set { х/х? + 4 = 0 and x is an integer }. How many 
elements does this set have ? Obviously none. In the tabular form 
this set is therefore written as { } It is called a void set or null set or 
empty set and is denoted by the symbol $ ( pronounced as * phi. *) Some 
other examples of a null set are : 


(i) The set of green cows. 
(ii) The set of four footed men. 
(11) The set of integers between 7 and 8. 


It should be clearly understood that a null set is different from 
{ 0}, the latter being a set containing the only element 0. 

Tt must also be noted that 2 and ( 2) are not the same. 2 is merely 
a number (or a symbol ). Left alone, there is no idea at this stage, of a 
set connected with the symbol 2 whereas ( 2) means a set whose only 
element is the number 2. 


1:10 Disjoint sets : 
If two sets A and B are such that none of the elements of А occur 
as an element of B and conversely, then they are said to be disjoint sets. 


e.g. (i) Let X={2, 9,0}, Y—(5,1, 3). Then X and Y are 
disjoint sets. 
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(ii) Let А be the set of boys in St. John's School, and B be the 
set of boys in St. Francis De Sales School. Then A and B 
are disjoint sets, for no boy of one school can bea student 
of the other school too. 


(iii) Let E be the set of boys below 8 years in age, and F be the 
set of boys who are 12 years old. Then E and Е are disjoint 
sets. 


1:11 Finite and infinite sets : 


A set is said to be "*finite" if it contains either попе or a specific 
number of elements; that is, if in counting the different members of the 
set the process of counting comes to an end. Otherwise a set is said to be 
infinite. Consider, for example, the following sets. 

(i) The set of months in a year 

mn) th »9.3) 

(Ш) The set of all integers. 7 

(iv) The lines drawn parallel to a given line in a plane. 

(v) The set of all points lying on the circumference of a circle. 

(i) and (її) are finite sets, whereas (iii), (iv) and (у) are infinite 
sets. 


1:12 Set inclusion (Subset and superset) 

If every element of A is in B, then A is said to be subset of B and 
B is said to be superset of A. 

Symbollically, this is written as ACB or B2 A. 
ОПЕТ АЕ (2, 3:414 B —02., 3 50 5x02: 

Then, BCA, ССВ, ССА. 

(ii) Let A be the set of all right angled triangles and B be the 


set of all triangles. 
Then ACB. 
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(ii) Let M be the set of all letters in English alphabet 
K be the set of all vowels in English alphabet. 
R be the set of all consonants in English alphabet. 


Then KC M and RCM. 


We have seen that for А to be a subset of B, all that is needed is, 
every element of A should be in B. Every element of B may or may not 
occur in the set А. If every element of B is also in A, then obviously 
B C A. And then we have every element of A is in B and conversely, so 
that the definition of equality is satisfied and hence A — B. 


Thus AC B and ВСА is equivalent to А = В. 
1:13 Subset and proper subset : 


If every element of A is in B but every element of B is not in А, 
then AC B but BCZ A (i.e. B is not a subset of A) so that Az B. In 
such a case A is said to be a proper subset of B and we denote it as 
А c B,showing that the possibility of A being equal to B does not exist. 

For example, (i) Let А = { 5, 8, 1) and = { 5, 9, 6, 0,8,4,1} 


Then АСВ 
(i) Let N be the set of all positive integers. 


I be the set of all integers. 
R be the set of all real numbers. 


Then № CI and ТСК 
114 For any st A, $ СА 


Proof: Let, if possible, ФС А. - There must be atleast one 
element in ф which is not in A. But there cannot be any element in $. 


Therefore ø% А is false. ~. фСА. 
1:15 The subset relationship obeys the following laws. 


]. Reflexivity : АСА for any set А. 
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Since any element of A is in A itself whatever be the set A, .. AC A. 
2. Antisymmetry : If ACB and B СА then А = В. 
~ АСВ .. every element of A is in B. 
BCA .. every element of B is in A. 
-. By definition of set equality, A — B. 
3. Transitivity : If AC B and BCC then AC C. 
з ACB .. every element of А is in B. 
’ ВСС .. every element of B is in C. 
Now, each element of A is in B and each element of B is, in its turn, 
in C. 
Every element of A is in C 
E ACC. 


Because of these three properties, the subset relationship is said 
to be “ partially ordered. ” 


1:16 Set of sets 


A set, of which each element is itself a set is called a set of sets 


e.g., let A—(roses, lilies, daffodils}. Then the element ‘roses’ is itself 
aset of all roses and similarly ‘lilies ' * daffodils’ are themselves sets. 
Thus the set A of all these sets of flowers is a set of sets. 


Consider similarly the set B — (e 2},$ 34 20 Here, (1, 2) 


is itself a set, and it occurs in B as an element. Similarly ф, { 3, 4,5, } 
are each а set. Hence B is a set of sets. 


1:17 Difference between o, {о}, ø, and ( $ }— 
0 is not а set. It is a real number. 


(0) is a singleton set containing the only number o. 
9 is a set containing no element. 
{$} is a set containing the only element. ф. 
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*1:18 Power set: Given any set A, it has a number of subsets. 
А set can be constructed with all these subsets occuring in it as elements. 
Such a set of all the subsets of А is called the power set of A and is denot- 
ed Бу Р(^) or 2^ 


e. g., (i) Let = { « ) then the subsets of A are ø and ( < ). 
Therefore, P (A) = (6, (X)) 
(ii) Let K 2(1, 2) 
The subsets of К are ©, (15,(29,:01,2:) 
Therefore, P (K) = (0, {1}, {2}, {1,27} 
1-19 Comparable sets : 


When two sets A and B are such that one of them is a subset of the 
other, they are said to be comparable sets. 


For example, 


0) А={2,3,4),В —(10,2,11, 3, 4,9 } are comparable sets. 
For, A € B. 


(2) Let С be the set of red roses and Н be the set ofall roses. 
Then С and Н are comparable sets as G Є Н. 


If two sets are not comparable, then they are said to be “по! com- 
parable” or *non-comparable" and it is written in short as ‘ne’. The 
case of disjoint sets is a particular case of ‘nc’. 


For example, 


(i) Let A be the set of boys in the hockey team of a college and 
B be the same in the football team of the same college. 
Then the sets A and B are nc. 


(ii) Let x = { 0, 1, 2, 3} and В ={ 8,9; 1} 


Then the sets « and В are nc sets. 
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1:20 Universal set : 


In any discussion of sets, itis always possible to construct a superset 
of all the sets under consideration. Such a suporset is called “Universal 
set” or “Universe of discourse”. A universal set may differ from con- 
text to context and will be denoted by E. 


1:21 Venn—Euler diagrams 


Set theoretical operations can be illustrated by means of the so- 
called Venn-Euler diagrams or simply, Venn diagrams. In any discussion 
of sets,the universal set is represented by a bounded area say a rec- 
tangle, and all the other sets under consideration by bounded areas 
(generally but not necessarily, circles) within the rectangle. 
€. g. (a) Two disjoint sets А and B can be represented as; 


(b) If the sets A and B are "nc' and not disjoint, then they can 
be represented as : 


© IfA CB, C is nc but not disjoint with B and C is disjoint from 
А, then the diagram can be drawn as : 


\ 
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(d) If A2 B, C C A. В and C are nc but not disjoint, D is nc but 
not disjoint with A and also with B, but is disjoint. from C 
K isa set disjoint to each of the sets A, B, C, D then the 
Venn diagram can be drawn as : 


Venn diagrams are very useful in solving various types of problems of 
which the following are two illustrations. 


Example 1. In a certain school, it is found that 50 students attend 
Mathematics class, 100 students attend Chemistry class, and 28 
students attend both the classes. 


() How many students attend Mathematics but not Chemistry? 

(ii) How many attend Chemistry but not Mathematics? 

(ii) How many students will there be in a combined class of 
these two subjects? 


Let the circle M represent the set of students taking Mathematics and C 
the set taking Chemistry. Thenthe common portion represents students 
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taking both the subjects, and hence must have 28 elements. The circle 
M itself contains 50elements; hence the portion of M which does not 
overlap with C (which is the portion shaded by vertical lines) must con- 
tain 50-28 — 22 elements. So, 22 students attend only Mathematics, 


Similarly, the circle C contains in all 100 elements; hence the portion 
of C which does not overlap with M (which is the part marked by 
horizontal Lines) must have 100-28 — 72 elements. Thus, the number 
of students taking only Chemistry is 72. The number of students in a 
combined class will be: 22 4- 28 + 72 = 122. 


Example 2. In acertain school, 28 students take Hindi, 23 students 
take Marathi and 23 take English, 12 take Hindi and Marathi, 11 take 
Hindi and English and $take Marathi and English. If 5 students take 
all three languages and 9 take noneat all, find the number of students 
taking (i) Marathi only, (ii) Hindi only, (iii) English only (iv) Hindi but 
not Marathi; also find (v)thetotal number of students in the School. 
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Let in the above figure,the rectangle represent the universal set and the 
circles Н, M, E represent the set of students taking Hindi, Marathi and 
English respectively. Denote each independent closed part by one and 
only one symbol. We can now express the given conditions in terms of 
equations made up of these symbols. 


Thus @ + @ + @ + Ө = 28 
@) + @ + Ө + ® = 23 


@+@=!! 
9+9 = 12 
‚9+6 = 
@ = 
0-9 


Solving these equations from the bottom upwards, we have, 
© = 5ав4 © + © = $8 A923 
Similarly, @ = 7, @ = 6, @ = 9, ®@ =8,@ = 10. 


Therefore, 


() №. of students taking Marathi only and no other language 
(ii) №. of students taking Hindi only — @ = 10. 
(iii) No. of students taking English only = (2 = 9 
(iv) No. of students taking Hindi but not Marathi 
=@+@=10+6=16. 
(у) Total number of students in the school 
= @+@-+@®@+@+®©6+®+®+® 
2104-74-84 64 5-399 
SETS 


4-22 Algebra of sets : 


just as there are operations of addition, multplication, subrtaction 
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and division which combine any two real numbers to produce another 
real number, we now define some operations in sets which combine sets 
(two at a time) to produce another set contained in the universe of 
discourse. 


1. Intersection: 


If A and B are any two sets, then the intersection of A and B, written 
as АГВ (read “А intersection B") is the set of all elements which are in 
A. and also in B. 


Thus, АПВ = { x | хєА and xeB ). In the Venn diagram drawn above 
the shaded portion represents ANB. 


e.g., © КА ={ 3,4,9, 10,13 }and B = ( 5, 8, 4, 9, 3) 
then АПВ = { 3, 4, 9} 
(ii) 5 А = ( John, Henry, Mary, Jean } 
= { Mary, Jean, Ruth, Elsie } 
Then АПВ = { Mary, Jean ) 
(iii) Let С be the set of boys in standard VII of a school and Н 
be the set of boys in standard VIII of the same school. 


Then GNH = $, because С and Н do not have any common 
element. 


(iv) Let X be the set of en in Hislop College 
Y be the set of boys in Science College. 
Then ХПУ = $. 


2. Complement ог prime: 


Sets, Algebra of Sets, Venn's Diagrams 15 


The complement or primé of a set A is the set of all those elements of 
the universal set E which do not occur in A. Complement {оГ а fset A is 
denoted by A'. In the Venn diagram drawn below, the shaded portion 
represents the com lement of A. 


Symbollically, A’ = { x | хєЕ and x € А} 


Examples: 


(i) 


Gi) 


(iii) 


Let E = (2,0,3,9,6), А ={2,9}, В ={ 6,3;2 } 
Then А’ = (0, 3, 6) and В = (0,9) 

Let a basket contain oranges and grapes, and let E denote 
the set of all the fruits in the basket, B denote the set of 
oranges in it and C denote the set of grapes in it. 

Then В’ = Set of grapes in the basket; 

and C' — Set of oranges in the basket. 


Let the universe of discourse be the set of all students in a 
class, A be the set of boys in the class and B be the set of 
girls in the class. 


Then, A' — Set of all girls in the class; 
and В’ = Set of all boys in the class. 


Note that 
In ex. (i), (А) = complement of A' 


= complement of ( 0, 3, 6 } 
(—(29) 
ЕА 
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and (ВЭ) = complement of В’ 
== complement of ( 0, 9 | 
={'6, 3,2 } 
= В; 
In ex, (ii) (ВЭ) = complement of set of grapes 


set of oranges 
=; 


| 


and (C') = complement of set of oranges 
== set of grapes 
= С. 
Similarly in ex (iii), (А”)' = A and (В’)’ = B. 
In-general, for any set A, (A’)’ = A. 
This can also be seen from the Venn diagram. 


A is the set marked with oblique lines, A’ is the set marked with hori- 
zontal lines. : 


Г. (A’)’ = (Set marked with horizontal lines)’ 
— Set marked with oblique lines. 
SAL 


* 1.21 Boolean relations : 


Having defined the two operations of intersection and prime, let 
us now make an attempt to express problems given in ordinary language, 
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in terms of sets alone. The following are a few examples of how a set 
equation can be interpreted in terms of ordinary language and conversely. 


1. АПВ =$. 
We know that АПВ is the set of elements common to А and B. 


5 АПВ = ø means this set of common elements is empty. Hence 
there is no element which is present in A andalso in B. The shaded 


br 


part in the diagram drawn above is, therefore, void. The sets A and B 
are disjoint sets, and the diagram may be drawn as under: 


Thus, АПВ. = $ is the set language for the words “А and B are disjoint 
sets”. So, whenever we come across the equation АПВ = $, we shall at 
once know that it means the sets A and B are disjoint and, conversely, 
if we wish to express the fact that A and B are disjoint sets, then all we 
need to write is АГВ = $. 


Since the equation АСВ = Ф signifies the mutual ,exclusiveness of the 
two sets, it is said to be a case of “Mutual exclusion". 


18 An Introduction to Modern Mathematics 


Let in the Venn diagram drawn above, A' be marked with horizonta 
lines, and B with vertical lines. Then A.B is th» portion common to 
A’ and B and hence is the part marked with horizontal as well as 
vertical lines. ' 

А’ОВ = ¢ means this common part is empty. So, taking it off the figure, 
the diagram may be drawn as shown below. 


. 


The set B, аз is obvious from the figure, is included in the set. A. The 
equation А’ПВ = $ is, accordingly, said to represent the case of 
"Inclusion". From the discussion made above, it is clear that А’ПВ = 9 
is the set language for “В is included in А” or, equivalently, for “В is 
а subset of А”. 

3. A'DB'-—9. 


Let in the Venn diagram drawn on top of page 19, А’ represent the set 
markeu with horizontal lines and В’ represent the set marked with 
vertical lines. Then A'(iB' is the set marked with both horizontal 
and verical lines. А’ПВ’ == $ means this common part is empty. So, 
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==: zm 


taking it offthe figure, the diagram may be drawn as shown below.. 


Obviously, it shows that the two sets, combined together, occupy the 
whole universe of discourse. In other words, the universal set is made up 
of the two sets taken together. Thus A'(,B' = ф is the set language for 
the words “Тһе sets А and B together occupy the whole universe of dis- 
course." Since, in thiscase, the two sets jointly exhaust the whole 
universe, it is known as the case of “Joint Exhaustion”. 


е. g., Let А = (2,5, В = (3, 6, 9} 
If the universal set is made up of these two sets only, we have 
EC (2536.9 
Now, A’ = (3, 6, 9}, В’ = (2,5), so th t A’ and В’ are disjoint. 
2, А'ПВ' = 9. 
Thus, this equation is formed when the sets A and B, taken together, 
make up the universal set. 
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The three equations discussed in this article are three of the twelve set 
equations known as Boolean relations, named after George Boole. 


1:22 Relative prime : 


Let A and B be any two non-comparable sets in the universe of 
discourse E. Then the set of all the elements of A except those which 
occur also in B is called relative prime or relative complement of A with 
respect to B and is denoted by А ~ B. 


Thus, А — B = (x | xeA and x¢B} 
Similarly, B ~ A = (y | yeB and y¢A}. 


In the Venn diagram, drawn below, А ~ В is the portion marked 
by vertical lines and B — A is the part marked by horizontal lines. 


Note that A ~ В я В ~ A except when А = B. 
Example: 
Let A=({3,4, 9,5} 
В = 00,4: 3,257) 
Then АРВ = {9, 5} 
andB—A-—1(0,2,7) 
Note that for any set A, 
E ~ A = А’ where E is the universal set. 


Sets, Algebra of Sets, Venn's Diagrams 21 


EXERCISE 


1. Write in set notations : 

() Risa superset of T. 

Gi) x is a member of Y. 

(iii) H is not a subset of S. 
(iv) Z does not belong to A. 
(v) B is included in F. 

(vi) r belongs to A. 

(vii) S is not a superset of L. 


2. State whether each of these statements is correct or incorrect. 


@ (1,43) 613,4 19 
Gi) (1,3,1,2,3,2) Є(1,2,3) 


(ш) (4) Єє (93) 


у) ФС {ca} 


(vy) ge {4} 

(vi) 8614) 

(vi) 6e(S, Н, 6r) 

(viii) 6C (S, H, 6, г} 

(х) ХА) AStA» У, О} 
(х) (AJELLA CU У, ©} 
(Qi) tvoyeCA. COL V. O) 
3. Write the following in tabular form: 


à) A= xl|xisa vowel in the word “Mathematics”. ) 


ёл o 


[Se M 
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(i) B={x |х? -5x +6=0} 

(ш) С-41» |у+8ё=у.} 

(iv) D = {т | м is an integer and m-3 = 0) 
(у) Е ={р |p is an integer and —2 < p < 8} 
(vi) Е ={t |tisa letter in the word “follow” } 
(vii) G = (x | xisa digit in the number 2324. } 


4. Write in set builder form: 
(A positam) 
(ii) В = (10, 20, 30, 40 ...... } 
(n € 02/45/6853 у 
(iv) D—16,7,8,9) 
(у) Е={2,—2} 


5. State whether the following are true or false: 


@ A= ( AO} v} and B 94 Ау). 


then ВСА, ye А, АСВ, ДеВ, (Г), Л } eA, B — A. 
(1) 0 «9. 
(ш) {O}C¢ 


(iv) Ge f (34.059 | 
(0) Se { 505590) 


6. Draw Venn diagrams for three non-empty sets А, В and C 
80 that 


(0 АСВСС. 
(ii) B € C, A intersects C but is disjoint to B. 
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Gii) Each is disjoint to the other two. 

(iv) Вапа C are disjoint, but A intersects both. 
(v) Each intersects the other two. 

wi ССА, BCA but B and C are disjoint. 


(vii) A € Band A CC, B and C intersect. 


7. Let A={2,3,4}, B={x|x?=4, x is +ve} 


Complete the following statements by inserting C, > 
each pair of sets. 


8. 


10. 


С = {х | хз —6x+8=0}; D={x|x is even}. 


, ‘пс’ between 


() АВ ФА C Gi) B——C 
рис 


In a certain college, 600 students take Mathematics and 300 
take Physics. 173 students are enrolled in both the subjects. 
In all how many different students are enrolled in the two 
courses ? 


In a French class there are 30 students and in a German class 
there are 40 students. How many students will there be in 
a combined picnic if 


(i) the two classes are usually held at different times and 
9 students attend both. 


(1) the two classes'are usually held at the same time, in 
different rooms. 


In the first year class of a women's college 36 students take 
Philosophy, 23 students take Economics, and 13 students take 
Sanskrit. 6 students take Philosophy and Economics, 11 students 
take Philosophy and Sanskrit, 4 students take Economics and 
Sanskrit, while 1 student takes all the three courses. 

Show that the data given above are inconsistent. 
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11. In the Pre-University class of a certain college 18 students take 
Physics, 23 students take Chemistry, and 24 students take 
Mathematics. Out of these, 14 students take both Chemistry 
and Mathematics, 12 take both Physics and Chemistry, 11 take 
both Mathematics and Physics, and 5 take all the three subjects. 
If 10 students do not offer any one of the 3 subjects, find 


(1) How many students take Mathematics but not Chemistry. 
(ii) How many students take Mathematics but not Chemistry 
or Physics. 
(її) How many students there are in the class. 


12. State whether each of the following sets are finite or infinite: 


(i) the set of numbers which are divisible by 3; 
(i) the set of cirlces passing through a fixed point; 
(ui) the set of straight lines intersecting a given line at a 
given point; 
(iv) the set of all living males on the earth; 
(v) the set of concentric circles having a fixed centre; 
(iv) the set of all real numbers statisfying the equation 
08--5х--6) (3x*—7x—20) = 0: 
(vii) the set of points in a given plane at a unit distance from 
a fixed point in the plane; 


(viii) the set of points on a given straight line at a unit distance 
froma given point on the line. 


13. ‘Let PQ and RS be any two ‘straight lines and let A be the set of 
points in PQ and B the set of points in RS. 
Fill in the blank А —B by “disjoint ™ “nc”, C, 5 as required 
in the following cases : 


0) PQ and RS are parallel lines. 
(ii) P and C) lie on opposite sides of RS. 
(iii) P and Q lie on theline RS, between В and 5. 
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(iv) PQ and RS coincide and are equal in length. 
(у) Rand $ lie on the line PQ between Р and Q. 


ANSWERS 
1,() КЭТ; (1) хєу: (iii) H ZS; (iv) 2А; ВЕСЕ; (vi) re A; 
(vii) SDL. 
Correct, (ii) Correct, (iii) Incorrect, (iv) Correct, 


2. (1) 


3. @) 


4. (i) 
(ii) 
(iii) 
(iy) 
(у) 


5.0) 


(у) Incorrect, (vi) Correct, (vii) Correct, (viii) Incorrect, 
(ix) Correct, (x) Correct, (xi) Incorrect. 


{a,e, i}, (ii) (3, 2), (8) ф, Qv) {3}, (0 (7 2,—1,0,1,2,3,4,5,6,7), 
(vi) (f, 1, 0, w), (vii) (2,3, 4) 


{x | x is a letter in the word *Stir') 

(x | x is a positive integral multiple of 10.) 
{x | х is a +ve even Integer.) 

{x | 6<x « 9 and x is an Integer. ). 

{x | х2—4 = 0) 


False, True, False, True, True, False. 


Gi) False, (iii) False, (iv) True, (v) True. 


(ii) 


26 An Introduction to Modern Mathematics 


(üi) (iv) 
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7. @2, G2, Є, (іу) вс, WS (vi) € 
8. 9707, 9. 670, 11. (i) 10, (ii) 4, (iii) 43 
12. (i) Infinite, (11) Infinite, (11) Infinite, (iv) Finite. 


7 


(v) Infinite, (vi) Finite, (vii) Infinite, (viii) Finite. 
13. (i) Disjoint, (i) ne, (с, (у) =, (2 
1:23 Union of sets 


The union of two sets A and B written as AUB, is the set of all the 
elements of A, together with all the elements of B. That is, if an element is 
in A or in B, or in both, then it will be in AUB. 


Thus, AUB ={x|xeA or xeB} 


In the Venn diagram drawn below, the shaded portion represents the 
set AUB. 


Illustrations: 
(i) Let A = {9,6,4}, В = {3,4,5} 
1 
Then AUB = {9, 6, 4, 3, 5} 


(ii) Let A bethe set of all students who passed S.S.C. examina- 
tion in 1966 and B be the set of all students who failed in it. 
Then AUB is the set of all students who appeared in the 
S.S.C. examination in 1966. 


(1) Let A={ ++, <) 
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B = (3, m, 9, < } 
Then AUB={-+, Tas y, “,3, m, 9} 


1:24 Properties of union, intersection, prime : 


1, 


AY =A 
АЦА” = Ead A1A' = à 
E' = ¢and ¢’ =E 


(a) AU% =A, (D AUE =E, (с) ANE =A, (d ANG = ф 
(a) and (c) are called the identity laws. 

AUA = A and АПА = А 

These are called the idempotent laws. 


АПВ = A if and only if A C B 

AUB — Aifand only if BCA. 

The verification of the above properties by Venn diagrams is 
left for the students to do. 

Commutative laws: 

AUB = ВОА апі (ii) АПВ —BnA. 

This is obvious from Venn diagram. 


Associative laws: 
(a) Associative law for union: AU (BU C) = (AU B) UC. 


(b) Associative law for intersection: А N (B по) = (ANB) ПС. 
Let А. B. C. be any three sets as shown in the figure and E be the 


. universal set. Represent each independent, bounded region by 


one and only one symbol. 


Thus, A = (1,2, 3,4}, В = { 3,4, 6,7}, 
C —(2,3,5,7) andE = (1,2,3,4,5,6,7, 8) 
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Proof: 
(a) BUC = { 2, 3, 4, 5, 6, 7, } 
7. AU (BUC) = {1, 2, 3, 4} U (2, 3, 4, 5416/7, 
ча Ор, Бул р uade (1) 
AUB = {1, 2, 3, 4, 6, 7) 
t (AUB) UC = { 1,2, 3, 4, 6,7} 912,3, 5,7 } 
= { 1, 2, 3, 4, 5, 6,7 Jem menm (2) 


From (1) and (2), AU (BUC) = (AUB) UC. 
(b) ВПС = (3, 7) -. АП(ВПС) ={1,2,3,4}N {3,7} = (3) 
АПВ = (3, 4) ~. (АПВ) ПС = {3,4} 12,3, 5,7} = (3) 


Therefore, АП (ВПС) = (АПВ) ПС. | | 
9. Distributive laws: 
0) AU (BNC) = (AUB) П (AUC) 


This is the distribution of union over intersection. 
(ii) АП (BUC) = (АПВ) U (АПС) 


This is the distribution of intersection over union. 


Proof: 
(i) Referring to the same figure drawn above, 
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BNC = {3,7} АО (ВПС) = {1, 2, 3, 4} U (3,7 ) 
а LPN ON ЕУ КУЛШ ОКЫ ND (3) 

AUB = (1, 2, 3, 4, 6,7} and AUC = { 1,2, 3,4, 5,7} 

2. (AUB) N (AUC) = { 1, 2, 3, 4, 6,7} N{1, 2, 3, 4, 5,7} 
5152/3141 ТУ S ois toy ве (4) 


from (3) and (4) 

AU (ВПС) = (AUB) П (AUC) 

(ii) In the same figure. 
BUC = {2.3,4, 5, 6,7} 
Д АП (ВОО —£123430122,45,67) 

-12,3,4) 

АПВ = (3,4) and АПС ={ 2,3) 
2. (АПВ) О (ANC) = {3,4} U (2,3) 2(2,3,4) 
Г AN (ВПС) = (АПВ) U (ANC) 


9. D' Morgan's laws: 

(i) (АПВ) = A'UB' 

(1) (АОВ) = A’ ПВ’ 
The first law states that “Тһе complement of the intersection of two sets 
is equal to the union of their complements.” 
The second law states that “The complement of the union of two sets is 
equal to the intersection of their complements." 
Proof: 


Let, in the figure drawn below, E be the universal set and A and B 
be any two sets contained in it. Denote each independent region as 
marked in the figure. 
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5 H-42,34 А- 25.8 12,3 
0) ANB = { 2} : 
(АПВ) = { 1,3,4} 
also, А’ = (3, 4} and В’ = (1, 4} 
„АОВ (1,3,4) 
2. (АПВ) = A’ U В’. 
(i) Або oF 


22 


“Ч 57 
A 


<. (АОВ) = (4). 
Also, A’ = { 3, 4 } and B’ = (1,4) X 
АПВ = {4} 


* (AUBY = A’ N B. 


1-25 Cardinal number and Equivalence classes. : 


A. shepherd boy who didnot know any counting,used to take his 
Cows out for grazing every morning, and bring them back in the evening 
and tie them to the poles he had fixed for them, onefor each cow. One 
evening he found that one pole was left out extra. He at once knew that 
one cow was missing. Even though he could not count, he matched the 
poles to the cows one to one, andthus could have an estimate of his 
cows comparing them with the poles. The process of matching thus comes 
out very useful where counting is unknown. 

Take another example. Suppose two kids Madhu and Arun who 
are too young to count, possess some marbles each and wish to find 
out who has more. The only way for them is to match their marbles, by 
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pairing one marble of Madhu to one of Arun. Whoever has any marble 
left out after those of the other are exhausted in this matching process, 
has more marbles than the other. 

When we count things,we are actually matching the things mentally: 
For us, the fixed poles are the symbols 1, 2, 3, etc. Suppose,for example, 
you have some stamps and you wish to find out how many stamps you 
have. You take out the first stamp, and match it mentally with the first 
symbol, 1; then you take out the next stamp and match it with the next 
fixed symbol, 2. You go on doing thistill your stamps are exhausted. If 
the last fixed symbol you match your last stamp with is9, then you say 
you have 9 stamps. Thus, counting is itself a matching, with the advantage 
that it is а matching to be done mentally and therefore can be done 
anywhere. 


The process of matching is a concept which goes very far into Mathe- 
matics, specially when we are unable to count. When are we unable to 
count? Obviously, when the elements to be counted are so many that the 
counting process does not seem to come to an end at all. What then, 
is to be done in such cases? 

Before we get an answer to this question, we shall have to disci- 
pline the ideas expressed above, and put them in mathematical terms. 
It is at a much later stage only, that you can be told precisely how to 
estimate the number of elements of a set which contains so many elements 
that we are unable to count them. In other words, how to compare the 
elements of infinite sets. Let us startby making the following consi- 
derations. 


Consider the sets A = (2, 3, 5) and B = (a, b, с j. Suppose a 


matching is brought about among the elements of the two sets in the 
following manner. 


> = № 
go 
с <=> 19 


in which every element of the set A is matched with one and only one 
element of B. Since the order in which the elements of a set are written 
is immaterial, matching can be done in many ways, as 


7 
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etc. 


gi t 


i 


Such'an association or mapping between the elements of two sets is 
called a “опе to one correspondence" and the sets are then said to be 
equivalent. i pci. are some examples of equivalent sets. 


p e> t^ 
o 
43 
> 
2 
© <> N 
Per шо 
С94--» м 


0) Тһе[зеӊ A = (2, 3 }, В = { John, Harry}, are equivalent 
for they can be put to a one to one correspondence аз 


2 3 2 3 
1 1 ог as, оло Pe 
John Mary Hats; 
ие 
Магу John 


(1) The sets ( 0, «,В } and { Gopal, Sita, Rama ) are equivalent. 


(üi) The set A = ( Elsie, Jean, Liza } is not equivalent to the set 
В = {7,9}, for one of the elements of A will be left out of the associa- 
tion (that is one-one matching) in whatever way it is done. 


(v) Let A be the set of all headmsters in a city and B be the set 
of all the schools in that city. Then A and B are equivalent, for each school 
has a headmaster and each headmaster is associated with a school. 


1:26 Cardinal number 


Consider now the sets А = (3, 5, 7, , В = { Govind, Ahmed: 
Ashok ), C = { Apples, Oranges, Mangoes ), D = ( +, =, — ) and E 
= { r, m, n). These sets are such that any two of them can be put toa 
oneto one correspondence. They are all equivalent to each other and 
share a common property, which is having the same number of elements 
in each. In fact, the number “3” can be used to designate the number of 
elements in each set. This number is called the “сагаша! number" of the 
collection of sets A, B, C, D, E. The collection itself is called an '*equiva- 
lence class" of the sets, and the cardinal number 3 is associated with 
the equivalence class of A, B, C, D, F. 
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Similarly, the sets Aj, = (0,6), В, = { Shyam, Arvind}, Cı = 
(9,0) are equivalent to each other; hence the set ( Ау, В, C, } is 
anequivalence class, and since the number of elements in each set of 
this class is.2, the cardinal number of the class itself is 2. F 

Since every set of an equivalence class contains the same number of 
elements, any one of the sets of the class is sufficient to determine the 
cardinal number. Any set of an equivalence class is, therefore, called a 
sample element. For example, the number of elements in the set { a, b, 
0, q } is 4. Any set equivalent to this set will also have 4 elements. The 
equivalence class, formed of all such equivalent sets, must, therefore, 
have 4 as its cardinal number. Thus { a, b, 0, q }is the sample element 
of the equivalence class whose cardinal number is 4. 

The cardinal number of a set is simply the cardinal number of the 
equivalence class containing that set. We shall restrict ourselves to the 
cardinality of finite sets only, and as has already been observed, the cardi- 
nal number of a finite set is the number of elements in that set. 


Sample element of equivalence class Cardinal number 


$0,9, Ц, $} 
(9,9) 

{ Madhu, Hari, Dilip Y 
{}=¢ 

{ 20, 0, 9, 7, 6} 


л ошо м 


1:27 We propose to consider next the relation between the number 
of elements of any two sets. Suppose we are given that, in a school 170 
pupils know German and 220 pupiis know Sanskrit. Can we find out how 
many pupils know only one of the two languages? If itis given that none 
of the students know both the languages, (that is, the set of pupils knowing 
German is disjoint from the set of pupils knowing Sanskrit) then the 
answer would be 170 + 220 = 390. In general, if A and B are two dis- 
joint sets, then the number of elements in AUB is equal to the sum of 
elements of A and B. The number of elements of a set is usually denoted 
by n(A). So, if А and B are disjoint sets, then n(AUB) = n(A) + n(B). 
И, however, {Геге are pupils knowing both German and Sanskrit, then 
the two sets A and B have some elements in common, and the above 
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` formula cannot be used for n(A'JB), We make the following considera- 
tions and evolve the general formula as follows: 


AUB is formed of the three disjoint sets A~B, ANB and B~A. 


`. n (AUB) = n(A~B) + п (ВА) + n (ARB) 00 ху ES 40) 
The set A is formed of the two disjoint sets A~B and АПВ. 
А) = n(A~B) + n(ADB) а GOES Q) 
Similarly, the set B is formed of the two disjoint sets ANB and B~A. 
~ n(B) = САВ) 42 (ВА) 22222122: 660021 (3) 
Adding (2) and (3), ; 
n(A) + n(B) = n(A~B) + n(B~A) + 2 a(ANB)Hi 4.0. (4) 


Substituting from (1) in (4) 


n(A) + n(B) = n(AUB) + n(ANB) 
^ n( AUB) = n(A) + nB) — п(АПВ) 
: f 

1:28 Example 1. 

In a family of 8 members, 3 are interested in sports and. 6 are inte- 
rested in reading. Find how many members are interested in. sports as 
well as reading. 


Let A denote the set of members interested in sports and В denote 
the set of members interested in reading. Then, Noe = 8, n(A) = 3, 
n(B) = 6. Using the formula derived above, 
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n(AUB) = n(A) + n(B) — п(АГ.В) 
2, (АПВ) = n(A) + n(B) — n(AUB) 
=3+6—8 
= 1 
So, only one member is interested in both the pastimes. 


Example 2. 


In the pre-university class of a certain college, 80 students attend 
Physics lectures, 72 attend Chemistry lectures, and 50 attend both. How 
many students will there be if a combined class is held ? 


Let P and C represent respectively the set of students attending 
Physics and Chemistry classes. Then, 


n(P) = 80, n(C) = 72, п(РПС) = 50 
n(PJC) =n(P)+ n(C) — n(PNC) 
= 80 + 72 — 50 
= 102 


Hence the combined class will contain 102 students. 


1-29 Partition: 

A partition of a set A is a subdivision of the set into non-empty 
subsets such that ч 

(8) The subsets are pairwise disjoint. That is, no two subsets have 
any common element. 


(b) The union of all the subsets is the set A itself. 
For example, let A — (1, 2, 3, 4). Then the subsets (1), (2, 3,} (4) are 
such that they are pairwise disjoint and their union is (1, 2,3,4), that is, 
the set A itself. 


Hence | {1);{2, 3); (4) js а partition of A. Some other partitions 


of the same set А are 


| 
V 


| 


| 
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ji 2,3) {4}. 


\ 
J 
[ ү, 
| 1:29:25 caua 


f 4,2}, {1}, {зу} etc. 


Pictorially, let a set S be represented by a closed figure as in the adjacent 


diagram. 


Ca 


QE 28.3; 


If lines (straight or curved) are drawn dividing the closed figure into 
blocks, no two of which overlap, then the collection of sets represented 
byall these blocks will be a partition of the set S. Thus in Fig. 1, the collec- 
tion {S,, S» S, ба} is such that any two of its elements are mutually dis- ; 
joint (i.c. they are pairwise disjoint) and their union is the given set, 


because $105. 9 S, US, = S. 
{Si Sa 5, 5) Ва pattition of S. 
The same set S can be partitioned as in Fig. 2; so that another partition 


of S is (81, $2» 835 54, S5; Se; 8). 
Given a set, therefore, we can make as many different partitions of 


itas we desire. The union of all the sets forming any one of these partitions 


will always be the original set. 
| 
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EXERCISE 
l. Draw a Venn diagram in each of the following cases for three 
non-empty sets A, B and С satisfying the followin g properties: 
(0 АСВ and ССБ and ANC = ф 
(i) ACC and АмС and BNC = $ 
(Ш) ACB and СВ and АПС. = $ 
(iv) АСВОС and BNC = $. 


2. Complete the following statements by inserting C. 2, or ‘ne’ 
between each pair of sets, A and B being arbitrary sets, 


(i) А АВ (ii) А АПВ (i) А— В-А 


(iv) A —— AUB (V) А— A AB (vi) A——B-A 
Qu Tet U={4,¢¢,in,1,t} 
i А (train) 
B= {a r,t } 


С SM Ice) fed in) 
D—(cent } 
E={nicge ) 
U being the universe of discourse, find 
ФА (ii) B' (iii) Dac (v) CAD (v) DAE (vi) ADE (vii) BUE 
(viii) CUB (ix) (CAD) NE (x) en (DNE) (xi) BNE. 
Hence show that РПС = CND and (CND)NE = CA(DNE) 
' 
4. In the previous example, find (1) BUD, (ii) DUB (iii) BU(FUC) 


(iv) (BUE) UC and. hence Show that BUD — DUB and BU (EUC) — 
(BUE)UC 


5. With the sets as given in example 3, fill up the following blanks 
with C, 2, "nc : 
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(i) B——A (i) B——E (ii D——E (iv) B—A—C 
(у) D'——E' (vi) B'——A' 


6. Let E be the set of all girls in a certain locality, and 


P be the set of girls who drink tea. 
Q be the set of girls who play hockey. 
R be the set of girls who play kho-kho. 
Write in ordinary language the following set expressions :— 
(i) РПО Gi) Pr (0) Q МВ (у) ОПЕ (vi) PAR. (vii) РПО 
(viii) PAR’ 
7. In the previous example, translate the following into set 
language :— 
(i) The set of girls who drink tea and play kho-kho. 
Gi) The set of all girls who drink tea but do not play kho-kho. 
Gii) The set of all girls who play hockey and kho-kho. 
(iv) The set of all girls who play hockey but not kho-kho. 
(v) The set of all girls who do not play hockey but play kho-kho. 
(vi) The set of all girls who play neither hockey nor kho-kho. 
(vii) The set of all girls who do not drink tea but play hockey 
and also kho-kho. 


$. Let Е be the set of all boysin a given high school and 
А be the boys who are tall. 


B be the boys who are intelligent. 
C be the boys who are handsome. 


Write the following in ordinary language. 
б ane Gi) Bnc (0) СПА Gv) A ()B' (ур) С 
(vii) (ANB) ПС (уй) АПВ, (ix) АПС (x) AUC. 


9. Inthe previous example, translate the following in set notations: 
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G) The set of all boys who are tall and handsome. 

(1) The set of all boys who are tall but not handsome. 
(ii) The set of all boys who are handsome but not intelligent. 
(v) The set of all boys who are not tall. 

(v) The set of all boys who are not intelligent. 
(vi) The set of all boys who are tall, handsome and intelligent. 


10. Having given 


4 N 


^4 


(Universe) ; 
Draw diagrams for the follolwing: 


(0 АША, (ii) АА, ~ (iii) АА, (iv) ЕПА, (v) ЕПА, 
(vi) ENA, (vii) ЕПА, (vii) A.A, (x) ANA, (х) А, (xi) Ay’ 
Ош) (AUA;)’ (xiii) (АША) UA, (xiv) (АША) (xv) (A,UA,)’ 
[Hint : (A, UA;) is 


and hence (A,UAs) UA, is, 
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11. Having given. 


\ 
A B 
(Universe) 
= 


express the following in set notations 


<= 
SI à) SZ (У) | 


12. Let I denote the set of all integers and „ 


АС- ХЕР| Ее од 
В-(хє1Ї(22х-171 
С ={хе1|1<х<6} 
р ={хє1|4<х< 8} 
EB. ={xel Их < 101 
Ес СӨР| 0Х-097 
write each of these in a tabular form. 


13. In the previous example, find the following : 


(i) ANB, BNC, DNF, СПЕ, ANF, ANE. 
(1) BUE, BUF, CUA, DUF, FUE, CUE, СОЕ, FUA. 
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14. In a certain club, 60 percent of the members are fond of 
swimming and 70 percent are fond of tennis. At least how many of the 
members like both swimming and tennis? 


(Hint: n(AUB) — 100 percent). 


15. In a picnic of 70 boys, some took part in swimming, 60 boys 
could climb the trees and 5 boys took part in swimming and also clim- 
bing the trees. In all, how many boys took part in swimming? Each boy 
'took part at least in swimming or climbing the trec. 


16. In a picnic 30 boys ate apples, 12 boys ate oranges and 7 ate 
both; 5 boys ate only bananas and 3 boys did not eat any of the fruits. 
Draw a Venn diagram and find how many boys in all did the picnic 
group have. 


17. Draw two pictures of the following diagram. In one, shade 
lightly the part (АПВ), then shade C and then shade heavily (АПВ)ПС. 
In the other, shade lightly the part ВПС, then shade A and lastly shade 
ANM(BNC) heavily. Compare the two. 


E21 
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Is (АПВ) ПС = AN (BNC) ? 


Prove similarly that (i) (AUB) UC = AU(BUC) (ii) AN(BUC) = 
(АПВ) UANC); (й) AU(BNC) = (AUB)N(AUC) 


18. Let set 5 be represented in the Venn diagram by the star shown 
below, and the sets 5;, S} $5, бу, Ss S, aré as shown in the figure, 
IS(S, $5 Sa S4 Ss, Se } а partition of S? Justify your answer. 


19. Given A = { <, В, а, 2,0, A, t). Write whether each of the 
following is a partition of A. Justify your answer in each case. 


© [ { <, В, 0), (а, 2}, CA. B | 0) | (2,0, A. 0, (B, a), {t <} ) 
ad {B, t, 0, (A) { «, 2) } (iv) { {2}, {A, 0}, (ta, B, «) } 
© ( {0}, (21, (2, 0, д), Cx, B) 1 


20. For each set on the left, its complement can be located among 
the sets on the right. The universe of discourse is the set of natural 
numbers N — 15:2; 3..1. 
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© A= { хє | x < 100} $ = { хеМ | х< 20} 

(i) B= ( хе | х = 3n, пе М} Т = { хеМ | х> 100} 

(iii) С = { хеМ [хх 1095 = { хеМ | хэ Зп, nN} 

(iv) D= {хе |х > 20) У = (xeN | xis not a prime 

(у) Б = { хе] x is a prime number } 
number } W = {xeN | x > 100 } 


Find out the complement of each set on left from among the sets on right. 


ANSWERS 
[epo 
лээ 


20) 2 d)2 d) 2 (0 € () nc (vi) nc 


3. (i) (ee) i) (о, e, i, n) (iii) (e, n, t) (iv) fe, m t} (у) {n, ce} 
(vi) (mi) (i) (an оп, ice) (ii) (re t, a, i, п, } 
(ix) (n e) (x) {n, e) (xi) $ $ 

4. G) (art ce n) @ {a, r, t, oe n) Gii) (a, r t, n, 1-0 6 
iv) а, r, t, n, і, с, €} 


5. Gi) © (ii) ne (і) пс М S, € (у) ne (М) 2 
6. (i) The set of all girls who drink tea and play hockey. 
(ii) Theset of girls who do not drink tea. 
(iii) The set of girls who do not play hockey. 
(iv) The set of girls who do not play kho-kho. 
- (v) The set of girls who play hockey as well as kho-kho. 


4 
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7. @ 


The set of girls who drink tea and play kho-kho. 
The set of girls who do not drink tea and play hockey. 
The set of girls who drink tea and do not play khe-kho. 


PAR Gi) PAR’ Gii) QAR Gv) ОПЕ’ (у) Q'OR (vi) QNR 


e ii) РПООВ. 


(х) 


The set of boys who аге tall and intelligent. 

The set of boys who are intelligent and handsome. 
The set of boys who are handsome and tall. 

The set of boys who are not tall. 

The set of boys who are not intelligent. 

The set of boys who are not handsome. 

The set of boys who are tall, intelligent, and handsome. 
The set of boys who are neither tall nor intelligent. 
The set of boys who are neither tall nor handsome. 
The set of boys who are either tall or handsome. 


9. ANC Gi) ANC’ (iii) CAB’ (iv) A’ (v) В’ (vi) ANCAB. 


22 
o 
A 


11. 
12, 


20. 
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(i) AUM (ii) BUC (iii) BUMUD (iv) BUCUDUM (v) NUD 
А = (2, 3,4}, B = (3,4, m5 О T. 9 3, 4, 5) 
D —15,6,7,8, E = {7,8, 9}, F =(5, 6,7, 8,9} 


0) {3,4}, (3,4, 5,, (5,6, 7, 8}, Фф, Ф, 9. 


0) (3,4, 5,6, 7, 8, 9}, (3, 4, 5, 6, 7, 8, 9), (1, 2, 3, 4, 5} 
13,6, 7/8, 9}, (5,6, 7, 8,9), (1,2, 3, 4, 5, 7, 8, 9,} 
{1, 2, 3, 4, 5, 6,7, 8, 9), (2, 3.4, 5, 6, 7, 8, 9.) 


30 Percent 
15. 

43 

Yes. 

Yes. 


(i) Yes (i) No, (2, o, A, t}and (t, < } are not disjoint. 
(1) No, the union does not contain the element ‘а’, (iv) yes 
(v) No, {0} and (a, o, A} are not disjoint. 


OW di) U dii) T dv) 5. (у) V 


ОР”РагТ ОР” 


—OQ——— ap" ——— СЕРВ c 


CHAPTER TWO 


Operations on Sets 


2:1 Systems of numbers 


Before men were sophisticated enough to be curious about what 
exactly a number is, they had words and symbols for numbers and 
spoke and used them. That the concept of numbers is important there is 
no controversy about. Like every other important concept, this one has 
developed and grown through centuries of civilization and scientific 
progress. When a child learns to count, his starting point is the set 1, 2, 3,4, 
This set, or system of numbers is called the system of “natural 


! 2 3 4 


The Matural numbers (N) 


What can we do with these numbers? Of the many uses We make of them, 
the most common use is to answer the question" how many 1”То the quest- 
ion “how many days are there in a week ?", the-answer is “7”, an element 
of the set 0Ё natural numbers. Similarly, “how many states are there in 
India ?”, “how many boys are there in this class?”, “how many kites do 
you have?” are questions whose answer is each an element of the set 
of natural numbers. 
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Suppose now we put a question “how many men are immortal?" 
The answer is “попе”. Can we provide the answer by one of the elements 
of N? Obviously not. Here the system of natural numbers fails, and it is 


necessary to extend the system by putting in it another clement called - 


“zero” (to represent “none”). The new system is called the „system of 
“counting numbers” and it contains one element namely zero (denoted 
by 0) more than N. 5 


0 1 2 3 “4 5 


Counting numbers 
Consider next the question “how many books must be added to 3 
books to make it 72" In other words, what number must be placed in 
the box of the equation 
3+0=7 
to makeit true? Theansweris “4”, and is, liketheanswer of allthe other 
“how тапу”? questions posed above, an element ofthe system of count- 
ing numbers. Take another question of the same type. What number 
placed in the box of the equation. 


3+0=1. 


will satisfy it? No such number сап be found within the number systems 
we have discussed till now. There is, therefore, no solution ofthe above 
equation in terms of the elements in the universe of counting numbers, 
To remedy this situation, we must extend our universe and invent a 
larger set of numbers, which would, of course, include the counting 
numbers too. The new numbers, called traditionally the “negative 
numbers", are such that each of them added to one (and only one) 
natural number gives zero as the sum. The number line now looks as: 


The integers (1) 
This figure presents a more complete look than the previous ones in as 
much asit is extended indefinitely on both sides, It is not, however, 
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compact. For, between one number and another is a gap having points 
which do not represent any number in the universe we have. 

The system of numbers that we now have containing the natural 
numbers (also called the positive integers), zero, and the negative integers 
is called the system of integers or integral numbers and is denoted by 1. 


We proceed further still, for this is not sufficient to answer all 
problems we comeacross. Consider, forexample, the question “what 
number should be multiplied to 3 to get 15? That is, what number, put 
into the box, satisfies the equation 


З= SA 


The anwer is 5, an element of I. If, however, we wish to fill in the box 
some number to satisfy the equation 


АГЕ 


there is no number іп I which can be used. We must, therefore, extend 
the universe further. This is done by introducing ‘‘fractions” which are 
parts of an integer. The integers and the fractions together constitute 
the set of "rational numbers" and this set is denoted by Q. Thus, 
NCIC О. The number line is now dense, for between any two rational 
numbers can be inserted many other rational numbers. 


-A Wh, h A 
0 І 


-2 -! 2 


This line, full of number points, is strangely enough full of empty spots. 
In fact, the empty spots outnumber the points. 

Consider next the problem “what number, multiplied to itself is 92” 
That is, what number should be filled into the box to satisfy the equation 


0х 11-49 2 


Theanweris 3. (Is there any other number satisfying the same equation?) 
But if we wish.to find a number to satisfy 


И 104 
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we cannot doit with any number in Q. We must extend the number system 
still further by introducing the system of “irrational numbers" (denoted 
by СУ) which is such that no number in it can be expressed as the quotient 
of two integers. For example, 4/2, V13, 97 is each an irrational 
number. 

The system of all rational numbers together with the irrational 
numbers is called the sytem of real numbers and is denoted by R. So 
QcR and С) ск. 


The number line is now complete. Each point in it represents a real 
number and each real number can be represented by one (and only one) 
point in it. A straight line for this reason, is sometimes called a real line. 
This one-one correspondence between the set of real numbers and the 
points оп-а straight line is important. 


The systems of numbers we now have is as given below. 


Real numbers (В) 


Rational numbers ( (2) Irrational numbers ( C)' ) 


207 
| ' Ul 


Integers (I) Proper fractions 


| 


Positive integers (I+ or N) Zero Negative integers (I~ ) 
2-2 Binary operation : 


Having been acquainted with the system of real numbers, we next 
wish to find out some method by which we may combine two or more 
elements of a system. To this end, we make the following definition. 
Definition : A binary operation * on any set S is a rule which combines 
any two elements of S to give an element of S. 

/ 
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Illustration : 

In N, the set of natural numbers, lets denote the operation of 
addition. That is, for any two elements a and b of М, axb = a+b. Take 
any two natural numbers say 7 and 10. Then 7 * 10 = 7 + 10 = 17 


and 17 e N 


So, the result obtained by combining 7 and 10 under + is an element of 
N. This is true for any two elements of N. So * isa binary operation on N. 

2:3 Properties of binary operations : 

(1) Closure: If an operation * defined on a set S is such that it, 
combines any two elements of S in such a way that the resulting element 
is in S, then the set $ is said to be closed under * and the operation * is 
said to satisfy the property of closure. 

According to the definition we have made, a binary operation always 
satisfies the property of closure. 


Examples : 
1. Let S = (—1, 0, 1) and * be the operation of ordinary multi- 
plication. 
Then, —1*0=(—1)x0=0 and 065. 
Qu hie 0х1=0 and; 045. 
—1*1= —1xi1-—-—land—leS 


check similarly for na 4-4, 0*0, 1*1. 
Thus, whatever two elements of S are combined, they produce an 
element which is in S. Therefore, S is closed under *. 


(2) Let A = (0, 1, 2} and * be the operation of ordinary addition. 


Then, 0+1=0 + 1 = Land 1 e A. 
0+2=0 + 2 =2 and2 <A. 
1*2—1--2-—3but 3€ A. 


So А is not closed under *. Because, when the elements 1 and 2 are 
combined under *, the resulting element is not in A. 
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(3) Let «= (3,0,10,0), y = (4), 6 = (3, 0) and ¢ be the nullset. 
Consider 5 = ( <, y, 5, $ } and let the operation + be defined as the 
operation of set intersection. 


Then <*y= «<Ny=PandgeS 
ү+*б= yNb=PandgeS 
«*02 «Под and бє$ 


Test similarly for 6*0, y *e etc. You will find that the resulting 
element is always in S. 


Therefore S is closed under +. 


(4) In the set М of natural numbers, let + be defined such that if 
а and b are апу two natural numbers, then аж b = 2a + 3b. 
Consider any two natural numbers say 4 and 5. 


4&5 = 2(4) -3(5) = 23 
arid 23 «М. 


Thusif4and 5 are combined under +, the result is an element of 
N. This is true for any two elements of N. So, N is closed under *. 


(5) Consider the set A = { <, В, y) and the operation Ф) defined 
on it by the following table: 


í 
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2:4 (2) Commutative property: 
Study the nature of the operation @ on А in example 5 above. 
You will find that «ФВ =f, ВФ < = В. Thus «ФВ=ВФ х. 


Similarly, ВФу=уФВ ам «Фу=уФфх. So, in combining 
two elements of the set S by Ф, it is immaterial as to which element is 
the first element and which thc second. Such an operation is said to be 
commutative. 

In general, if # is a binary operation defined on a set S such that for any 
two elements а and b of the set S, аз b = b * a, then + is said to be 
commutative in S. 


Examples : 
(1) The union and intersection ofsets are commutative operations; 
for AUB = BUA and АПВ = BNA for any two sets A and B. 
(2) Let N be the set of natural numbers and * be defined as: 
(i) а+ъ=а + b. 
Ѕо, Бза = + а. 
We know that a + b — b + a. 
а+ = 0 жа. 
pos5is commutative. 
(1) a*b =а + 2b 
So, b + a = b + 2а 
a*bszbsa 
* is not commutative. 


(3) (i) In the same set N, let + be defined as ordinary multiplication, 
Then * is commutative. 
(ii) InN, let * be defined as 
asb-(2a)(b) = 2аб 
Then b * a = (2b) (а) = 26а. 
г. а*б = жа. 
+, * is commutative. 
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(iii) Let A be a binary operation on М such that 
аль = а (a+b). ү 
Then b Aa = b (b + а) 
"*aAbzbAa 


-. А is not commutative. 


(4) In the set В of real numbers, 
(1) ordinary addition is a commutative operation; 
Fora + b =b 4 аѓогапуа, Бе В. 
(1) Ordinary multiplication is commutative. 
For, ab = ba for any a, b eR. 
(iii) Subtraction is not commutative, 


Consider the elements 5 and 1 of R. 
5- 1=4 but 1- 5= -4 
5-121—5 
subtraction is not commutative. 


(iv) Division is not commutative. 


Consider the elements 9 and 3 of R. 
9—353-9 


„ . *. division is not commutative. 


Note that in the example 4 above, to prove that an operation is commu- 
tative as in (i) and (ii) the property had to be shown to be true for every 
pair of elements of the set, but to show that an operation is not commu- 
tative as in (iii) and (iv) it was sufficient to show that the property does 
not hold in the case of one pair of elements of the set. Thus, in proving any 
property for the elements of a set we have to show that it holds in respect 
of every element of it, but to disprove it, one single example where the 
property does not hold is sufficient. Such an example, which shows that 
the property does not hold is usually called a counter example. 


Operations on Sets 55 


2-5 (3) Associative property: 

Let * be a binary operation defined on a set S. * combines any two 
elements of S to produce an element of S. What if we wish to combine 
more than two elements? Suppose a, b, c, are three elements of S and we 
wish to combine them under an operation +. We may do so in two ways. 
We may first combine a and b, and with the result combine c denoting 
the final result as (a * b) * c .Or, we may first combine b and c and with 

he result, combine 'a' and get a* (b ко), Is (a+b) «c = a* (bsc) ? 

Let us take a concrete example. Consider the set I of all integers 
and let the operation * be the usual addition “ +” defined in it. 
Take any three elements say 2, 7, 5 of I. We have, 


and 2« (1*5) 22-- (1+5) 2924-12 = 14 
20:7) +5 —2*(7*5) 


The result is ће same, whatever way the computation is made. In fact 
for any three elements a, b, c of I, 


(a + b) -е=а- (b 4 ©). 


Next, let the operation * be the usual subraction **—" defined on the 
same set I. Take the same elements 2, 7, 5 of I. we have, 


Q«)*5-0—0—5——5-5- —10 
and2«( 45 =2— (1—5) 22-2 = 0 


So that (2 + 7) +5 52 2 * (7 * 5) 

Thus, in the case of subtraction in I, while combining three (or more) 
elements, the final result depends upon the order in which the elements 
are combined. For the operation of addition on the same set I however, 
the order of combination is immaterial. In such cases the operation is 
said to be associative. 

Definition : If an operation * defined on a set S is such that for 
any three elements a, b, c, of S, (a + b) sc =a* (b * c), then * is said 
to be associative in 8. 
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Examples : 
1. The operations of set union and intersection are associative, 
Because, for any three sets A, B, C, 


(АОВ) ОС = AU (ВОО) 
and (ANB) ПС = АП (ВПО). 


2. In the set М of natural numbers, addition and mutiplication 
are associative operations. 


3. Let the operation * be defined on N as 
a*b=a-+ 3b. 1 
Then, for any three elements a, b, c of N, 
(a*b)*c —(a--3b)*c =a + 3b 4 3c. 
And a * (b * c) =a*(b + 3с) =a + 3(Ь -+ 3c) = а + 3b + 9c 
/. (аж Б) жс ах (ғ с) 
`. * is not associative оп N. 


2:6 (4) Distributive Property : 


\ 


We have seen in the previous chapter that for any three sets А, B, С 
АП (BU C) = (A fi B) U (АПС, 
and we call it the distributive property of “Г” over ‘U’, 
We know that in the set N of natural numbers, 


> 


a. (b + c) = a. b + d. c. for any three elements а, b, C. 


These are two examples where two binary operations are used on three 
elements of a system, and ‘one operation is ‘distributed? over the other. 
Definition : If + and A are two operations defined on a set S, and 


a» (b A c) = (a*b) A (ac) 
for any three elements a, b, c of S, then » is said to be distributive over A . 
Examples : 
1. For any three sets А, B, C, i 
A U(BfiC) = (AU B) (AU C) / 
7. the operation of set union is distributive over set intersection. 
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2. Tn the set R of reals, multiplication is distributive over addition. 
Because, а. (b + c) = a.b + a.c for all a, b, c in R. 


3. In the same set R of reals, addition is not distributive over 
multiplication. 


Counter example of distributivity: 
3 + (4:5) = (5 +4). (3 + 5) 


2.7 (5) Identity 


You have used the properties of the set of integers I many times _ 
Did you notice any peculiar property of the element 'zero' in it with: 
respect to addition? Observe that ; 


3+0=0+3=3; 
21 4-0 —0 4-21 —21; 7 
-1--0-0-(-7)- —1 
and, in general, a +0 — 0-- a —a for any a є I. Thus, whatever integer 
is added to 0, the result is the same number. Because of this property, 0 
is called the "identity" element in I for addition. Is there any element in 
Т which behaves similarly with respect to multiplication? What about 1? 
We give the following definition. 
Definition : If + is an operation defined on a set A and e is an element 
in A such that 
а+е= ежа =а 
for every element а є A, then e is called the identity element of A with 
respect to the operation *. 


Illustrations : 
(1) Let A = 10, 3, 7) and * be the operation of ordinary addition. 
Then, 3 40 = 3+ 0 = 3and 04 3 = 043 = 3 
53*020*3-—3 
Similarly, 7 *0 — 0*7 = Ч 
and0 «0 = 0 
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So the element 0 є A is such that if it is combined with any element 
of the set A, we get the same element. 


4. 0 is identity in A under є. 


(2) LetS= e 251, | and * be the operation of ordinary 
multiplication. 
Then, -2*1—-2:15-22nd1«-2-21-(-2) = —2. 
-2*1=1* (-2) = -2. 
Similarly, 1 +1 = 1 


and 7 8171 wie 9 


E 


So the element 1 e S is such that when it is combined with any element of 
S, we get the same element. 


-. 1 is identity in S under x. 


(3) Let A = (p, q, г} and « be an operation defined by the following 
table. 


Then, p*q-—qsp-p 
p*r =r *p=r 


p*p=p 


Hence p e A is identity in A under +, 


Operations on Sets Ў 59 


*2.8 Identity is unique : 


If e is identity element in any set A with respect to the binary opera- 
tion +, then e is unique; that is, по other element of A will play the same 
role as e does. For let, if possible, е є A be another identity with respect 
to * 

++ eis an identity element, ~. for any аєА, 


a*e-esa-a 
as ееА Ce seem е Бы Ib аан 


Similarly, “л ©’ is an identity element... for any acA, 


0 


axe’ =ехжа=а 
ds ОА ои еке ее pon MAE RE OQ 


from (1) and (2) е=е' 
Thus, whenever identity exists, it is unique. 


2:9 Inverse: 
Consider the set I of all integers and the operation ‘+’ of ordinary 
addition defined in it. 


We know that the identity element is 0. Observe that the pairs 3,—3; 
7, —1; 13, —13 are such that the addition of the elements in each pair is 
0. In fact, if ‘x’ is any number in I, then we can find another number 
— x in I such that 


xL(—x)e-(—x)tx-0 
The elements forming such pairs as X, — X are called the inverse of each 
other with respect to ‘+’ in I. 


In general, we define “inverse” as follows : , 


Definition : Let * be an operation defined on a set А, and let e be 
the identity in A with respect to*. If to an element aA, there exists an 
element beA such that 


a*b-b*sa-e 
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then a and b are called the inverse of each other with respect to є in A. 
Tilustrations : 


(1) Let A = (— 1, 0, 1, 2,1 and be ordinary addition. 
" *isaddition .. 0 is the identity. 


Now, —1*1=1* (- 1) 20 ~. -land 1 are inverse of each other. 


2 has no inverse. 


0+0 —0 .. 015 its own inverse. 
(2) -Let A= { 12; =} and * be ordinary multiplication. 


"o ж is multiplication ~. 1 is the identity. Also, 1 31-41 г, 1 is its 
own inverse and, 2* : E мл 2-1 7, 2 апі а. аге inverse of each 


other. 


(3) LetS — (a, b, c) алж be the operation defined by the 
following table 


As is evident from the table, “а? is the identity element 
ч Also, b b =a 


<. b is its own inverse. 
and сжс =а 


4. C i$ its own inverse. 
As usual, the identity “a” is its own inverse. 
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2:20 Properties of N, I and R 
1. The system of natural numbers N. 
(i) It is closed with respect to addition and multiplication. 


For any two elements a, b of N, 
a+beN and a:b «М. 


(1) Addition and multiplication are commutative operations 
in N. 


For any two elements a, b of N, 
a+b=b+aanda-b=b-a 
(11) Subtraction and division are not defined in it. 


Consider the elements 2eN and 3єМ. 
2—3 = —] but —1 is not an element of N. 


Similarly, consider the elements 4eN and 7eN 


4 4 
4-7 = 7 but 7 is not an element of N. 


(iv) Addition and multiplication are associative operations 
Е 


For any three elements а, b, c of N, 
a+ (6+) = (а +0) + с and 
аг (b-c) = (a:b):c. 
(v) It does not possess any identity element with respect to 


addition. р ; ! : 
(vi) The element 1 «М is the identity with respect to multi- 


plication 
For any element aeN, 
acl = Па =a. 

(vii) Inverses do not exist with respect to addition or multi- 
plication. 

2. The system of integers I 

(i) It is closed with respect to addition, subtraction and 

multiplication. 
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ii) 


(ii) 


Gv) 


(v) 


(vi) 


(vii) 


(viii) 
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Addition and multiplication are commutative operations 
in 1. 

Subtraction is not commutative in I. 

Counter-example of commutativity : 3 —5 # 5—3. 
Addition and multiplication are associative in I. 

For any three elements a, b, c of I, 
at+(b+c)=(at+b)+e and 

a: (b-c) = (a'b) с. 

Subtraction is not associative in I. 

Counter-example of associativity: 5 —(4—3) 4 (5—4) —3. 
The element 0 cT is the identity with respect to addition 
and the element 161 is the identity with respect to 
multiplication. 

There is no identity element in I with respect to subtraction. 
Inverses exist with respect to addition. 


For any element a'e I, there exists an element (-а) el 
such that a + (— а) = 0. 


For example, consider any integer, say 31 of 1. Corresponding to 
it, there exists an integer —31 of I such that 31 + (—31) = 0. 


(ix) Inverses do not exist with respect to subtraction or 


multiplication. 


3. The system of real numbers R. 


@ 


(ii) 
` ii) 


(iv) 


(у) 


It is closed with respect to addition, subtraction, multi- 
plication and division (except by 0). 

Addition and multiplication are commutative in R. 
Subtraction and division are defined in it, but neither of 
them is commutative in R. Division by 0 is undefined. 
Addition and multiplication are associative in В, but 
neither subtraction nor division is associative in it. 


The elements 0 e В and 1 є В are the identities with res- 
pect to addition and miltiplication respcetively. 
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(vi) ‘Thereis no identity with respect to subtraction or division . 


(vii) The inverses exist with respect to addition and multi- 
plication but not with respect to subtraction or division. 
e. g. with respect to addition, the inverse of 2 is — 2 as 


2+ (—2) = 0; inverse of -, 3 is -g as 


(yd 


In general, inverse of any element a c R is (—а) 
addition) 
for, a + (- 8) = 0. 


є В (with respect to 


What is the inverse of 0 under addition? 


: Mines : 116 9 
With respect to multiplication, the inverse of — ту 18 — у for 


-4)(-7)75 


In general, the inverse of any element a 6 Ri 


a (4)-1 


The inverse of 1 under multiplication is 


8 a e R (a z о), for, 


1 itself. 


m PUR n. pts 
Note that 0 has no inverse under multiplication, for y” undefined. 


* 2:21 Group 


Any set S with a binary operations define 
provided it possesses the following properties. 


(1) It is closed under *. 
That is, for every pair of elements а, 


d in it is called a group" 


b, a e S and be S implies axb e S. 
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(2) * is associative in S. 
That is, whatever elements a, b, c of S we may choose, 
(а + Б) +c = a * (b + с). 


(3) It possesses an identity under + which is unique. 
That is, there exists an element e є S such that for every a e S, 


аже = ea ='а/ 
(4) Each element i in S possesses an inverse under *. 
That is, for every а є S, there exists an element x e S such that 
ажх =х+а =e 
Note that 
(a) І isa group under addition, but not multiplication. (Why 
not?) 


(b) R is a group under addition but not multiplication. (Why 
not? ) 


(c) N is not a group under addition or multiplication (Why ?) 


EXERCISE 1 


У 1. Find if each of the following sets is closed under addition. If 
| not, state why. 


(1) (0,1, 2); (ii) ume 0, 1, 2); (iii) (1,2, 3, 4); (iv) (0); 


(У) {2,4,6,8,.........}; (Vi) (1,2,4,6,8 24. }; 
(уй) (—1,0, 1, 5); (viii) 10/4, 8,112, 16, 20... 1 
(35) 0153,51 7,51 }; 


2. Find if each of the following sets is closed under multiplication. 
If not, state why. 


Ci) (L0); Gi) (—1, 1); (iii) (2, 3,9, 5}; (iv) (1, 2, 4, 6,8...) 


(у) {2,4,6,8...}; 09 fe g! NE 13: бю {1,3 : 12 ib 
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(viii) (1,3,5,7,9...41:0) (—5,0, 5}; (х) (2 Lo i] 
3. Find the identity and inverses of the elements of the following 
sets with respect to usual addition. 


(i) A={—1,0,1, 2); (0 B—(2, 3, —3, — 2); 
(Ш) D={—4, — 5, — 7,0); (iv) E= (p, qo —т,— Ф — р}. 


4, Let the operation * be defined on the set S = (a, b, c) 
by_ the following table. 


` Find if є is 
(1) commutative; 


(И) possesses an identity; 
also find 


(11) the inverses of elements of 5 
under *. 


In the set N of natural numbers, find if the following operations are 
commutative. Give a counter-example in each case where your answer 
is “по”, { 

5. The operation * defined as : a + = 5a + 7b 

6. The operation ® defined as a 6) b = а? + №". 


7. The operation © defined as a © b = (За) (4b). 


8. The operation e defined as a eb — ыал, k 
9, The operation X defined as a X b = о 2n А 


10.. In the set R of all real numbers, verify whether фе binary opera- 
tion * defined as under is in each case commutative. 
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d) a*b-a-—b-Fab; (i) a»b=a + b + ab; 
(1) a + b = (За —4b)*; (iv) a» b = (a—b)'; (v) a*b= a+ b—ab. 


In the set I of all integers, find if the operation * defined as 
under is associative. Give a counter-example in each case where your 
answer is “по”. 


a+b 


11. axb= 2 


12. axb=(5a)b 
13 "a*b-2a-b 


14. In the set I of all integers, operation * is defined as 
a +b = а? +ab + 0°. Find if * possesses (i) closure, (ii) commutativity, 


15. The operation © on the set А = (0,0) is defined by the 
following table. 


Find if © possesses (i) closure; 


(1) commutativity. 


^16. In the previous example, does © possess an identity? If so 
find it. 


17. Inex. 15, prove that each element of A is its own inversé. 


18. The operations ©) and * on the set A = (0, y, и} are 
defined by the following tables : 
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Find if these operations on the set А possess (i) closure; (ii) com- 
mutativity. Justify your answer. 


19. In the previous example, does the set A possess an identity 
with respect to (i) the operation @), (ii) the operation * ? 


20. The operation * on the set S = { <, В, Y, 5) 18 defined by the 
following table : 


closed,” (ii) commutative, 


E: Find if the operation + on the set S is (i) 
| (iii) associative. 


21. In the previous example, does * possess an identity? If yes, 
then find the inverse of each element of S with respect (0,*. 
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22. In the set М of natural numbers, let * be the binary operation 
defined as “take the maximum of”. That is, 2* 5 = 5, 13 * 11 = 13 etc. 
Compare 6 +9 with 9 * 6. Is 6*9 —9*67 


In generalif acNand beN,is a » b —b за? i. e., is * commutative? 
Is it associative? If not, give counter-example. 


23. In the previous example, does N possess an identity with res- 
pect to + ? 


24. Let the same operation * as defined in ex. 22 be defined in the 
set А (0/715 Zo S Аи sinis }. Does А possess an identity with res- 
pectto +? 


25. In the set N of natural numbers, let the operation ©) be defined 
as “take the minimum of”. Is (€) commutative? Is it associative? 


26. In the previous example, does ЇЧ possess an identity with res- 
pect to (9? 


27. Prove the cancellation laws in the system of real numbers; 


@ Ifa+tb=a-+c,thenb=c; 
(1) Ifab = ac,thenb = c. (at0.) 


[Proof (i) a+b=a+c Given 


(—a)+@+b)=(-a)+@+t+o) 

(-ata)+b=(-a+a)+ec associativity 
0-5-0-4с inverse 
0-0 i identity] 


*28. Prove that (i) ах0-0 (ii) (—a)(—b) = ab 
Gi) @) (— b) =(—a) (b) = — ab 
[proof (ii) 


(—a) (—b) = (—a) (—b) + 0 identity 
= (—a)(—b) +b Хо from (i) 
= (—a)(—b) + b[ Ca) + a] inverse 
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= (—a) (—b) + b (~a) + ba distributivity 
= (—а) (—b) + (~a) b + ab commutativity 


= (—a) [-b + b] + ab г distributivity 
= (—а) x 0+ ab identity 
= 0 + ab from (i) 
= ab identity 


29. If the operation * on the set (р, q, г, s} is commutative, 
fill the blank squares in the following table. 


30. Let A = (a, b, c, d} and » be a binary operation defined on it. 
Given ‘a’ is the identity element with respect to *, fill the blanks in the 
following table. 
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5. 


10. 
п. 
15. 


18. 


19. 
20. 
21. 
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ANSWERS 
(i) No; (ii) №; (iii) №; (iv) Yes; (у) Yes; (vi) No; 
(vii) No; (viii) Yes; (ix) No. . 
(i) Yes; (ii) Yes; Gii) No; (iv) Yes; (v) Yes; (vi) No; (vii) No; 
(viii) Yes; (ix) Мо; (x) No. 
(i) Identity 0. 1,—1 are inverse of each other. 2 has no inverse. 


(ii) No identity and therefore no question of inverse. 
(11) Identity 0. Except 0 none ofthe elements possesses inverse. 


(iv) Identity 0. Inverse of о, p, q, г, are о, — p,—q, —r respec- 
tively. 


(@ Not commutative c * b Æ b * c. 
(i) Identity is a. 
Gii) Inverses of a and b are a and b respectively. c has no 
inverse. | 


No; 6. Yes; 7. Yes; 8. Yes; 9. No. 

(i) Мо: (ii) Yes; (11) No; (iv) Yes; (v) Yes. 
No; 12. Yes; 13. No; 14. (i) Yes; (ii) Yes. 
(i) Yes; (ii) Yes; 16. Yes, o is the identity. 


(1) A is closed under both the operations. 
(ii) Commutative under « but not under @) 


(i) No; (ii) Yes; 0 is the identity. 
(i) Yes; (ii) Yes; (iii) Yes. 


Yes. The identity is «<. The inverses of. «, В, Y, д are 
x, 6, Y, В respectively. 
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22. Yes, Yes. 23. Yes. 1 is the identity. 
24. Yes. is the identity. 
25. Yes, Yes. 26. No. 29. q, г, q, P rowwise. 


30. The first row and the first column. should each be written as 
a, b, c, d. 


2.22 Ordered pairs 


We know that while listing the elements. in а set, the order is consi- 
dered to be of no importance. 50, ina set of a pair of elements, the posi- 
tion that any of them occupies within the braces is unimportant. Thus 
(5, 9) is the same as (9, 5) ; (eat, run) is the same as (run, eat), and 
{husband, wife) is the same as (wife, husband). There are instances, 
however, when we wish to attach specific meaning to the position of an 
element of a given pair. For example, in a table tennis singles, the first 
number of the score shows the points gained by the player making the 
service, and the second, those gained: by the other player. So, the score 
5—9 does not convey the same meaning as the score 9—5. If Ramesh and 
Mahesh are playing, Ramesh servicing and Mahesh receiving, then 5—9 
will mean Ramesh has gained 5 points and Mahesh has gained 9 points, 
whereas 9—5 will have а completely different meaning. It will mean 
Mahesh has 5 points and it is Ramesh who has gained 9 points. Hence 
in this case, it is very important as to whether a number is written in the 


first position or the second. 


Similarly, in the sequence of works, run—eat which means run then 
‚ eat, is definitely different from and wiser than eat—run which means eat 
and then run. Again, on а nameplate if you find M. A., Ph.D. it is quite 
all right; but can you ever think of it as being written Ph. D. M.A.? Take 
one more example. In the process of dressing, one puts on the shirt be- 
fore the tic. So, in the sequence of dressing up, shirt—tie is meaningfu ! 
but not tie—shirt. 


The examples discussed above clearly show that there are matters 
in which a pair of elements should be written with some specific mean- 
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ing assigned to the order in which they are written. If two elements x 
and y are to be written in a specific order, so that x is to occupy the first 
position and y the secónd, and the place value of the elements has a 
meaning, then we generally use parenthesis writing it as (x, y) and call 
it an ordered pair. 


An ordered pair, therefore, is a pair of objects, one of which is 
assigned the first position and is called the first component while the 
other is assigned the second position and is called the second component. 


The position of an element in an ordered pair, once fixed, must con- 
tinue to have the same meaning throughout the discussion. In the exam- 
ple of the table tennis score given above, the first number shows the 
number of points obtained by the servicing player. This understanding, 
attached with the first number of the score, remains unaltered throughout 
the game. Similarly for the second number in the Score. 


In general, if (a, b) is to be an ordered pair, ‘а’ must always carry 
the same meaning which is assigned to the first component of the ordered 
pair under the particular discussion, and ‘b’ must always fulfil the con- 
dition laid down for the second component of the same. 


It is possible that in a particular discussion with a certain order. 
both the components of an ordered pair may be the same number- 
. Going back to the example of the table tennis score again, we know that 
а situation may arise when both the players have got 5 points; and then 
the score will be written as 5-5 that 15; (5, 5). So, the components in an 
Ordered pair need not necessarily be different. The pairs (9, 9), (-2,- 2), 
(х, x), (<, <) are therefore valid pairs under, of course, the reference 
of order of each. However, even if the components are the same numbers, 
an ordered pair will always be written as a pair and nota single element. 
For example, the ordered pair (9, 9) will never be written as (9), although 
the set (9, 9) is the same as (9). 


2-23. The notion of ordered pairs has a very wide use, one among 


which is the Construction of numbers. A rational number, say 2, can be 


х 
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thought of as an ordered ‘pair (3, 4) with the order that the first component 
is the integer in the numerator and the second component (not equal to 
zero), the integer inYthe denominator, With this order, therefore, every 


rational number y у= °) is an ordered pair(x,y). Notethatthe pair (3,4) 


К н ; 2 4 
which means 1 is not the same as the pair (4, 3) which stands for 3 In 


general, (x, y) is not the same as (y, x) except when x — y. 


The utility of this interpretation of a fraction in terms of an ordered 
pair is outside the scope of the present discussion, but it has very impor- 
tant and powerful use in the construction of numbers. 


Another use of this notion is made in plane coordinate geometry. 
In this, a fixed point, say O, is called the origin and two fixed lines OX 
and OY passing through O are called the axis of x and the axis of y 
respectively. 


9 д = K maxis 


Any point P in the plane is then represented by the ordered pair (x, y) 
where x is the distance of P from y axis measured parallel to Ox, and y 
is the distance of P from x axis measured parallel to OY. With this order 
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understood, any ordered pair (3, 9) in this geometry represents a fixed 
point which is to be located by measuring 3 units along the x axis and 
then 9 units parallel to the y axis. Thus any ordered pair can be represent- 
ed by a point in the plane and any point can be represented by an ordered 
pair in plane coordinate geometry. 


Example: 
Locate the points (6, 7), (5, 5), (- 5 49), (0, 4), (10, —7), G, 0),(—2,— 8). 
(0,—9), (—9, 0), (—3,—3), (21-1 Jen: with the order mentioned above 


for plane coordinate geometry, n OX and OY perpendicular to 
each other. What is the ordered pair representing the origin O? 


2-24. This procedure, namely that of representing a point by an 
ordered pair and conversely, is very useful and important and a useful 
branch of mathematics called “coordinate geometry” is based on it. We 
shall be making use of this concept in later chapters. For The sake of con- 
venience, we shali hereafter always take the axes to be inclined at right 
angles to each other, unless otherwise specifically mentioned. The two 
axes OX and OY (when inclined at right angles to each other) are called 
the rectangular cartesian axes or the rectangular cartesian reference frame 
or simply the rectangular axes. 


2:25. Algebra of ordered pairs. 
1. Equality: 


Let us compare, with the order of plane coordinate geometry, 
the pairs (2, 7) and (7, 2) respectively (in rectangular cartesian frame). 
Obviously, the points are not the same. Therefore, (2, 7) 5 (7, 2). 


This again shows that the place value of a number is important in an 
ordered pair. In general, the point represented by the ordered pair 
(x, y) will not be the same as that represented by (y, x) except when x — y. 


In the example of rational numbers being represented by ordered 


pairs, if the number say o which is (5, 6) is denoted by (x, y) then clearly, 
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х —[5 and у = 6. That is, @ y) = G, 6) means x = 5 and y — 6. 
Similarly in the example of a point in the plane being expressed as an 
ordered. pair, if a point P is taken to be (x, y) and then it is found that 
P is actually the point (9, 11), we know that the value of x is 9 and that of 
y is 11. So, 


(x, y) = (9, 11) implies x = 9 and y = 11. 


ОЛЕ general, we make the following definition for the equality of 
two ordered pairs : 


Definition . 
(i) (a, b) = (c, d) if and only if a = c and b = d. 
(ii) (a,b) = (b, a) if and only ifa = b. 
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2. Sum of ordered pairs 


The rule for the sum of two ordered pairs varies from context to 
context. Suppose, you are out for shopping. You buy a book worth 
Rs 9-15. Let us agree to represent this price as (9, 15), adopting thus the 
rule: “the first component denotes the number of rupees and the second 
component denotes the number of paise in the price". You then buy a 
chocolate slab worth Rs. 2*30, that is, (2, 30). Your total expenditure is 
Rs. 11:45 that is, (11, 45). We can therefore write (9, 15) --02, 30) 
— (11,45). With the above rule therefore, the sum of ordered mie is 
given by ! 
(а, b) + (с, d) = (a+c, b + d) 

This cannot, however, be taken as the general rule for the sum of two 
ordered pairs in any problem. Consider, for example, the case of a 
rational number being represented by an ordered pair. We know that 
in this order, (7, 6) means x and (5, 11) means п i 


Will (7, 6) + (5, 11) equal (7 + 5, 6 + 11), that is, (12, 17) ? Obviously 
not. For, 


(6,94 61)- L4 3 
| _ T0 4 5:6 
ell 
_ 107 
77-66 
— (107, 66) 
So, for rational numbers, 
(a, b) + (6d) = (а $ bd) 


The rule for summation may, therefore, be made to depend upon the 
meaning we assign to the components. 


` 


3. Multiplication of ordered pairs 


Just as the rule for the addition of ordered pairs depends on the 
meaning assigned to its compoents, and varies from context to context, 
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so does the rule for multiplication. That the rule for multiplication must 
be specified separately in each context would be evident from the follow- 
ing examples. 


Example 1. 


Let (x, y) represent the rational number » (у #0). Consider апу 


two rational numbers 2 i. e., (3, 10) and $i e., (5, 7). 


3 5 15 
Now, 19 Х 7 770 
(3,10) x (5,7) = (15, 70). 


So, in the system of rational numbers, the rule for multiplication is 
given by 


(a, b) х (c, d) = (ac, bd) 
Example 2. 


Suppose, in a certain problem, a number is written as an ordered pair, 
the first component of which represents the whole part and the second 


ET SEES 
component represents the fractional part. For example, 5 zis written as 


e z) Lis written as (2. L and so on. The rule (a, b) x (с, d) 
4 


— (ac, bd) will not be obeyed by the ordered pairs formed in this 
context. xis 


i 1 DET 
For, consider any two ordered pairs, Say, (5 p which is 31 and 


1 EX E M А 
9, 2 which is 92- 


тыл, (3.1) x (» 2) (98) (%) 
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CX 
| 
2 28 


ih (о 8) 
So that, 


(s 4) x (9 г) (э эй, 2) 
Ехегсїве: 
1. ШС, 3) = (9, 3) find x. 
2. If (5,m) = (5, —10) find m. 
3. If (6, 7) = (—y, 7) find y. 
4. If(—3,1) = (5r, 1) find r. 
S (х + y, 1) = (3, х—у) find x and y. 
6. Find the values of x and y if (y—2, 2x + 1) equals (x—1,ly4-2) 


7. Let addition in ordered pairs be defined as : 
(а, b) + (c, d) = (a + d, b + c). 


Compute the following : 


(i) 0,3) + (—6,—8) / 


Gi) (3-7) + (и, > 
(i) cu 1)4 d п 
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Gv) (59, 0) + ae 


9 (8-4-(--3 


8. Let Жа нура in ordered pairs be defined as : 


(x, y) х (s, t) = (xt, ys) 


Compute the following: 


COL 

(i) (-5 ва, 0) х (o. - 
(iii) (o. 5) х Q ie 2) 
» (cha) (ort) 
(у) e 11; 0) х (» a) 


9. Let multiplication in ordered pairs be defined as : 


(a, b) x (c, d) = (ac — bd, ad + bc) 
Compute the following : 
@ СТ.) (59) 
à (-22x(-- 2) 
(19: (3, 7) x (—1, 42) 
(v) (> 2) 5 (5, 2) 


(vy) (a, 11) х (2, b) 


19 
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10. If the addition in ordered pairs is defined as: 
(а, b) + (с, d) = (ac — d, bd — c), 

find the values of m and k, given that 
(m, К) 4- (6, — 5) = (11, — 16). 


Answers 


| вэ 


о. аш, обе, 0-4. 
20210131: 
0 @ (—6 -3), 09 (41, Gi) (s 2). 


(iv) (8 d 7) dk) (^ 1—k). 
| 15N  /170 i 
(8) () e п) yan (5, 0) ‚ (i) 0,0), 
Gv) (2, № 5) (У) (- 118, о) 
Q) () (2 8) Gi) (—2,—4). 
(ii) (-м3 -ЛА(2, М6 2 
Во 
(iv) (t » : 9) (= - 11b, ab +22). 
(10) 1,2 
2:26 Matrices : 
In the middle of the last century, many eminent mathematicians 


notably Cayley and Sylvester, developed a way of arranging numbers in 
ordered arrays and called this arrangement a "matrix", The matrix 
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algebra was developed steadily since then and today it is one of the most 
useful, important and also one of the most fascinating branches of 
Mathematics. Besides the applications of matrices in Statistics, Econo- 
mics, Complex algebra and other theoretical structures, it has very wide 
applications in almost every branch of technology and engineering. In 
the study of atomic physics matrices are indispensable. The algebra of 
matrices is in fact the language of atomic physics. In the study of quan- 
tum theory, the theory of relativity, linear programming, electrical net- 
works and computers, matrices are used now in every branch of scientific; 
progress. 


A "matrix" is an array of real numbers arranged in rows and 
columns. 


For example, each of the arrays 
E i1 [ -1 Ч B0 
1, 442; 67335 | ов 
е 
is а matrix. In each of the first and second, there are two rows and two 


columns. They are called 2 х 2 (read two by two) matrices. The third 
has three rows and three columns and is called a 3 x 3 matrix. 


5 
9 
3 
A matrix containing only one column is called a column matrix. 


Т 


is each a column matrix. 


о ~ ~ о 


A matrix containing only one row is called a row matrix, 
e.g [a bed) [00] [-12, 9] 


is each a row matrix. 
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А matrix may have any number of rows and columns. In our discussion, 
however, the number of rows and columns will never go beyond 2 each. 


2.27. Algebra of Matrices : 


Having defined an ordered arrangement of real numbers, we next 
proceed to consider the set of such arrangements (cach matrix being 
considered as an entity) and define some operations in it, so as to be able 
to pursue the subject further. 


Definition 1. Equality of matrices: 
Туо matrices A and B are said to be equal, provided 


(i). A and B are of the same size, that is, they have the same 
number of rows and columns. 


(ii) Each component of А is equal to the corresponding 
component of B. 


For example, p. 2] р. E] 
ed X8 


ifand only if a=p, b=q, с=т, and d=s. 
2.28. Matrix addition : 


The addition of matrices is defined to be a binary operation such 
that the sum of two matrices of equal order is another matrix of the same 
order in which each component is the sum of the corresponding com- 
ponents of the two matrices. 


For example, let A = Li а 
1 у 


мав |“ 4 


х-« y+B 


Then A+ В = 
Ca om м $ 


—— oos " 


Operations on Sets 83 


Note that in order that two matrices may be added, it is necessary that 
they should be of the same order. 


1 


2:29. The zero matrix or the null matrix : 
Consider the matrix E 01 We find that if A be a matrix 


Ёс M where a, b, c, d are any real numbers, then 
c 
[ b р Б 41! 
с i1 2015015050 Chand 
И үй!) 07. NEA у 
Thus the matrix [ : id is such that if it is added to any matrix 
A of the same order, the result is the matrix A itself. 


The matrix Ce 31 is called the null matrix or zero matrix 


and plays the same role as 0 does in real number system (with respect to 
real addition). It is the identity element with respect to matrix addition 
in the set of 2 х 2 matrices. It 15 sometimes denoted by 0. To avoid 
confusion with the zero of the real number system, we shall denote the 
. null matrix by [0]. 


2:30. Properties of matrix addition: 


1. Matrix addition is commutative. 


Consider any two matrices А = ү 2! 
8: 1084 


and B — fk 
bs 


b, . 

а а b. b 
с Aap] 2 "| Гы 4 4 
н : Ж ay 2 b; b, 


) 
\ 
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IE eth)... o 
а; + bs а, + 04 


Since а, В, а», Б„...... are real numbers, a, + b, = b; + à, and so on. 


: b, + a by +a 
АИ Л 
oe m [ by + а. 


bi b; ay а› 
ui + [ | ЕВРА, 
bs A 25 ay 
Hence addition in matrices is commutative. 
2. Matrix addition is associative : 
16:18 left for the students to prove that if A, B, C be any three 
matrices, A+(B+C)=(A+B)+C where + is the matrix 
addition. 


3. Existence of identity : 


We have seen in art. 2:29 that there exists a matrix i$ hi 
denoted by [0] such that for any 2 X 2 matrix A, 


A + [0] — A. 


2. by commutativity, there exists а matrix [0] such that, for 
every 2 X 2 matrix A, 


A4 [0] 2 [0] -- A = A. 


The matrix [0] is, therefore, the identity with respect to addition in 
matrices. 


4. „Existence of inverse : 


Let А be a matrix lS El where a, b, c, d are any real num- 
с 
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bers. Then there exists a matrix [ NEN SE 4] such 
абл с ome! 


that Es ar m sto Л eem (i) 


that is, to each matrix A, there exists another matrix such that when A is 
added to this matrix, the result is the identity element. Hence each 2 X 2 
matrix possesses its inverse under addition. 


We now leave one question open to students. Is the set of all 2 х 2 
matrices a Group? 


2-31. Scalar multiplication of a matrix : 
Just as in the system of real numbers, 
2a is а+ а, 


3a isa + а + a, and so on, and since the matrix addition depends 
directly on the addition in real number system, we have, 


a b a b a b 
2 = 
Ее нм 
л [2а 20 
20:11:20 
TRE И oe 
Similarly, 3 i а | m Es Ч 
In general, 
кг bq pka КЬ 
p di Jed 
where k is any real number. The number k is called a scalar and 


the equality above shows that multiplying a matrix by a scalar means 
multiplying each element of the matrix by that scalar. 
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Examples: Find () й 210 ] (ii) Et 
dan 53171350 


(—3) à | 
2 
Wu 


2 5x2 5x0 4 
Bo dri bos 1 5x3 jr л: 15 
1 


@ 3] 2 a ba ЗЭВ 
ПОЛО АЙН od 


(8) p wt] = al: 15) 
ра м 


2:32. Matrix Multiplication : 


Tet А = [° | мв d d 
) Е bs b, 


be any two matrices. Then the matrix multiplication (denoted by x or *) 
is defined to be a binary operation such that 


| 


A Pg. us Ян аз | b, 21 
аз ay b, b, 

Ei br а, bg dell 
a, b, + а, bs аз by + ал b, 


The rule being : Each element of the first row of matrix А is multiplied 
to the corresponding element ofthe first column of matrix B. The 
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products are added and the result constitutes the first element of the 
resulting matrix. The elements of the first row of A are then multiplied 
to the corresponding elements of the second column of B, the products 
are added and the result constitutes the second element of the 1st row 
of the resulting matrix. Similarly with the second row of the first 
matrix. 


Thus, [ ates | y [ 6 od ] P. Es 2113-4 
dius 24 1645-2 01454 

08 м 

16722231 


2.33 The Unit matrix : 


1 


Consider the matrix 1 | 0 


[ 5 р | then 
c d 

Ln ac ch 12711124) 27 puer: а:0--0:1 

ve “| $50 ЇЇ: (1 с:144:0 с:044:14: 
pd а b ] 
f © а 
11:580. a b 

and ГА = [ 8 i iut Жа | ] 


0 |. If A be any matrix 


_ [atoe 1:b4-0:d p | q^ b 
7 | 0:а--1-с 0-b--1:d c 4 
i : 15220501 
Thus there exists a matrix Т= [ 0 jJ such that for any 2 X 2 


matrix А, AI = ТА = A. 


This matrix is the identity element with respect to matrix multiplica 
tion; it is denoted by I and is called the unit matrix. 


и 
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2:34. Some Properties of matrix multiplication E 
1. Matrix multiplication is non-commutative. 
let A [| тр У | any two 2х2 
© d 7 t 


matrices. . 


iy a b И х y 
Then, AB =[ ? 4 1 i i ] 


СГ ax+ bz | 
-[ сх + dz cy 4- dt 


and BA = [ 227 1 [ ў i; ] 
үЖ 8) c d 
aN xb + yd 
za + tc zb + td 


зо that AB 55 BA. 


Thus matrix multiplication is not commutative. Note that though in 
general, commutativity does not hold for multiplication in matrices, 
every matrix commutes with I. 


2. The product of two non-zero matrices, may be zero. 
шА-| | о 142 = С 05] 
1 0 2 0 
Then, А5 5101, -8-101 
Consider A'B = s | . [ ^ 5 | -| M y ] 
1 0 Айу kt erent) 
ie. А.В = [0]. : 


So, if the product of two matrices is zero, it does not necessarily 
mean that either of the matrices has to be the null matrix. 


Can you find some other pairs of non-zero matrices such that their 
product is zero ? 
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The two properties of matrix multiplication stated above stand in 
contrast with the properties of multiplication in reals, in which (1) multi- 
plication is commutative і. e., for ай real numbers х, у, х'у = ух. 
and (ii) if x+y = 0 then either x = O or y = 0. 

Thus of what we know of matrix algebra, it is different from the algebra 
of reals in the above two respects. 


3. Associative law of multiplication: 
A*(B:C) = (A: B): C 


4. Distributive laws: 
(0) Left distributive law 


А:(В 4- С) = А:В + A:C. 
(1) Right distributive law. 
В--С)уА--ВА-С-А. 


It is left for the students to prove the above laws. 


2:35 Some applications of matrices: 


. The applications of matrices, as has been pointed out in art 2:26, 
are numerous and wide. To be able to apply matrices to most of the 
more important concepts, however, a more thorough knowledge of all 
its aspects is necessary than can be provided in the scope of the discus- : 
sion we shall be confining ourselves to. Given below are only some of 
the many applications of matrices. 


Transformation: 


Let (x, y) be the co-ordinates of a point A, (x', у') be the coordi- | 
nates of another point A’ and let these coordinates be connected by the 
linear equations { 
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x =axtb y 
and y! = a, x b, y. 


A! T "y^ 


o 


where ау, bi, аз, by are real constants. These two equations provide a 
method of obtaining the co-ordinates of A' from those of A, and may be 
written as 


[51-15 5161 
y a, ^ bs ур 
А' is called the image of А. 


us npn Г р b, ] represents the matrix which transforms the 


2 b 


point А to the point А’. We shall сай it the “operator”. The nature 
of the transformation depends on the relative values of ац, bj, аз, bs. 


We consider below some of the transformations. 
7 / 


1. Reflection 


Let the operator be E d 
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Consider two points A(1, 2) and B (2, 4). Let images of A and B be 
А’ (хи, yi) and В’ (Xs. ye) respectively. $ 


BU ROI Cem 1 241 
Then, 2! -| 1 | 1 йн лю =—l yy =2 
В ие 20 206: deu 
2. A’ is the point (—1, 2) 


Similarly, 


Fi zh ЖИ L5] иж = —2, у» = 4 


2. B' is the point (—2, 4). 


Note that the y co-ordinate of A' is the same as that of A. Therefore A' 
is situated at the same distance from X axis as A. Furthermore, the x 
coordinate of A' is equal in magnitude but opposite in sign to that of Av 
Therefore A' is situated at the same distance from Y axis as is А, but 
on oppsite side. 

Similarly, the points B' and B are situated at the same distance from 
X axis and В’ is situated at the same distance from Y axis as is B, but 
on opposite side. 
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Now imagine a plane mirror placed in a vertical plane with its edge 
coinciding with the Y-axis and its reflecting face turned to the 1st qua- 
drant. Where will you get the images of A and B? Exactly at the points 
where A' and B' are situated. The line AB will in fact be reflected into 


the line А’В’. The transformation caused by the operator Map "d 


is called “reflection” because its effect is similar to the effect of lateral 
inversion produced by a plane mirror. 


It can similarly be shown that the matrix ЇР : ] represents а 


reflection in the X axis. 


2. Magnification: 
3050 ? : 
Let the operator be Ls 31 Consider the same points. А (1, 2) 


апав (2, 4) asin the last case. Let А’ (ху, y1) and B' (х, у») be the images 
of A and B respectively. 


mm 51-15 SI 


s. xı =3,y1 = 6. 7. A’ is the point (3, 6). 


Similarly, АЫ | [2] -[4] 


[SX = 6, у, = 12. 2. B' is the point (6, 12). Thus A (1, 2) is trans- 
formed to the point A’ (3, 6) and В (2, 4) is transformed to the point 
В’ (6, 12). 


The line АВ is transformed to the line A'B'. Evidently, the trans- 
formation causes a stretching or magnification in the original line AB. 


` 


Operations on Sets 


Jf now the two operators of the last case and 


93 


this case are combined in a 


single matrix, the operator | A : | wi cause a magnification of 
| 
+ 


the line AB and also a reflection of it in the Y axis. 


3. Rotation : 


Let a point P have coordinates (x, y) referred to a rectangular car- 


tesian reference frame OX, OY. Rotate the 
in anticlockwise sense and let 


axes through an angle 9 
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OX', OY' (at right angles to each other) be the new reference frame. 
Let the coordinates of P referred to the new frame be x’ у’. It can be easily 


proved that | 
x = cos0x 4-sinü y ...... (i) 
and y = — 5110 x + созд у ... (ii) 


13 x cos 0 rl 24 

7 ES —sin 0 cos 0 y 
cos 0 sin 0 

—sin 0 cos 


| 


The matrix [ ] represents rotation of the axes 


through a positive angle 0. Ifthe axes of reference remain fixed, and the 

line OP [ where P is (х, y) ] is rotated through an angle 0 in the clock- 

wise sense to the position OP' so that the point P takes up the position 

P’ (x', y) then too, х, y' are given by the equations (1) and (ii). Thus the 
” operator 


cos 0 sin 0 


—sin 0 cos Ө 


causes a “rotation”, essentially about the origin. 


- 


Y 


“pix У? 


‚Руку 


If 0 = 90° then cos 0 = 0 and sin® = 1. 


T 
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г. The operator [ : 2| causes a rotation through 90°. 


Example : 


The coordinates of a point P referred to a rectangular cartesian reference 
frame is (—2, 5). What will its position be if the line OP is rotated 
through a right angle in the clockwise sense? 

The operator ‘causing a rotation through 90° is [ у 01 There- 
fore, if P’(x’, y’) be the new position of the point P, then 


et Ge 


2. the point Р (—2, 5) takes up the position P' (5, 2) when OP is 
rotated through 90° in the clockwise sense. 


Y 


v? 


4. Trigonometrical Relationships: 


Let P be a point (x, y) in the rectangular cartesian frame of reference. 
Let OP be turned in a clockwise direction through an angle « so that 
P takes up the position P’ (х, y). Turn the line further still in the 
same direction through an angle В so that the final position of the point 
P becomes P" (x^, у"). 
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“ " 
Р(х'у) 


x 
D 
We know that 151 = цаг ча 41 b] ЗА ТУЛ РАР. (1) 
“Б-КЕ 
from (i), 


aig DA соѕ В sinB cos« sin« X 
ir E Ber В ы | qm ОР [5] 
1 cos < cosB — sin « sinB зїп « cosB - cos x sinf с 8 
m [ —(sin < cosB + cos x sinB) соѕ « cosB — sin « sp | [5] m) 


Now, since the angles « and B are measured in the same direction, the 
line OP rotated through an angle ( « + B) takes up the same position 
OP’. So, 


[r]-[-5 628 +] D] eo 


From (ii) and (iii) 
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cos (x +) sin («+f 
— sin (x + В) cos ( «+ ) 


ES cos« cosB — sin «< sinB sin < cosB + cos « sinB 
~ | — (sinx созВ + cos « sinp) cos < cosp — sin « sinp 


Therefore, by the definition of matrix equality, 


sin(« + В) = sin « соз В--соз «sin B and 
cos( « 4- B) — cos « cos B—sin « sin p. 


If the angle В is measured in the opposite direction, then by 
arguments exactly similar as above, it can be shown that 


sin( «—B) = sin «cosB—cos« sin B and 
cos( < —B) = cos « cos B+sin « sin В 


Р(х,у) 


p'a" 


0 
It is left for the students to work out the proof in detail. 
; EXERCISE : 
Find the values of х, y, a, b from the following equations. 


1 5х--2у 2a—Sb] [46 23 
5 3х-4у 54-30 12 11 
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> Га+2 Wm e —10 4— dc 
45x + 15 d 


3 4b—y nila ЇГ 
x єє 2b--3y 7 Е 


Compute the following : 


Ls 1154 


E NEM 41172 ЗААР 
291553) ЕЯ 

5. = 
Е 1 M SEI 
16:655! 10:80:01 261135 


PIDE gU s 
2x ЗЬ —3x 


НЕ | 


Solve the following equations to determine the matrix X 
vp И 
“Хо ү 
21201 

-3 52 -3 52 


Op PEUT 


нь плана залаа 
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12. Х +19-[; "1 
13. Х-ю-[, Д 


1 6 
14. 15 the equation E 2 4 +z= | | valid ? 
e k 5 | 


Justify your answer. 


2357-5 
15. Does the summation [ —3 «| T ] make sense? 
"aer 


Why? 


16. What properties does matrix addition have in common with 
ordinary addition in real numbers? 


17. Using the same type of argument as in real number system, 
prove that additive identity in matrices is unique. 


18. Whatis the inverse of [ 0] under matrix addition? 


19. Compute the following 


of, ор al 

Gi) E ар | | 

о ОЕ) 
Е a 
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«Ba 
Н 
20. тал = [|1 815841 al 


Show that AB 4 0 but BA = 0 


A eA 2 Ls Ч and B b. pes 
342 analy 


Show that AB + BA, 

22. Show that for the matrix 
2 

A -[ ab b ] ! 
— а? —ab 


A. A = 0 whatever be the real values of a and b. Illustrate by 
taking particular values of a and b. 


23. Show that whatever be the values of x, y, z and p, 


if A | x у. | and В | 7 t | 
KM x 2-1 7 
then АВ = ВА. 


24. Find the images of the points (0, 0), (0, 1), (2, 3), (— 4, 2), 


(5, —6) caused by the operator | Ч 


25. If the axes are rotated through an angle 45? in the positive 
direction, find the changed coordinates of the points, (1, 1), (—2, 1), 
(3, 22), (—5, – 4). f 


26. Р іѕ ће point (3, 7) in a reference frame with origin О. 
What will be the coordinates of the position which P takes up if OP 
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27. 


28. 


29. 


30. 


is rotated through an angle (i) 30°, (ii) 60°, Gii) 45°, (iv) 90°, 
(v) 180° in the clockwise sense? 


Tou Ys | 
If 2 2 ; | be the operator of transformation, 
v3 hi х 

ig 12! 


show in a diagram the position of O'P', the image of the line OP 
where O and P are the points (0, 0) and ( 1, —3 ) respectively. 


Find the reflection in the y axis of the points 


(2 i) ў ( Du 54 ) ‚@,—®, 07, 0), (21, 9) 


Find the reflection in the X axis of the points 

©, 0), (-3, 9, C2, -9 (0, 3). 65 

Find to what points the four points 

р (1,0), Q (3,0), RG, 1) and S (1, 1) are transformed by the 
operator [ 0 id If P’, О’, R^ S' аге the iis of P,Q, 
R,S кш draw a diagram and compare the figures 


PQRS and P'Q'R'S'. What do you find? 
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+ 


E 


10 


112 


12 


13 


14, 
15. 


18. 


19. 


9: 


10 
| 

—2 

-8 


бу 
Lo 
-1 
Li 
8 
-4 


[› 
[0] 
[3 
s 
ar 
No. 


[0] 


No. 


3 
Л 
4 
A 
1 
1 
: 
7 


1-0 
Ея 


Am ш] 
cip [ 17 14 


(iv) [10 


20] 


1 


An Introduction to Modern Mathematics 


Operations on Sets 103 


24. 


25: 


26. 


28. 


29. 


30. 


o [8] 


(0,0), (1,0), (3,2), Q,— 4), C- —6,5) 


(v2, 0)(- Au -v;)( — ye) 


оС 20) оС DO 


qi) (542,2 V2), Qv) (1-3) , (0) C3, 7. 


(-52) (aby he 
(0, 0), (75,0), (72, 5%( 9. -—3),(®-—®- 
р’, О’, R', S, are (1, 0), (3, 0) (4, 1) (2, 1) respectively. The 


figure PORS suffers a ‘shear’ to the right. 


CHAPTER THREE 


Inequalities 


П 


3:1 In the previous chapter, we have discussed the properties of 
the real numbers, integers, rational numbers etc. These properties were 
studied from a viewpoint of the combination of two or more elements 
of each system under known operations, and the existence of some 
peculiar elements like identity, inverse which bear some specific proper- 
ties when combined with all or some of the elements of the system under 
consideration. Throughout the discussion made, the notion of some spe- 
cific operation was always involved. These properties or laws, however, 
do not enable us to compare two or more elements of any system. In 
this chapter, we wish to study the comparative properties of two (or 
more) elements of systems of numbers without any operation playing a 
role in the discussions. In other words, we wish to lay down some basic 
rules and definitions and then discuss from a comparative viewpoint 
the relation between any two elements of a system. © 

These basic rules are called axioms or postulates. They are to be 
taken for granted as the foundation on which the whole structure of 
the comparative study of numbers is erected. 


3.2 The order axioms: 


We begin by defining the relation “is greater than" denoted as 
“>” by the following axioms which are called the order axioms. In 
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these axioms, as in the discussion throughout this chapter, a, b, c, d etc. 
represent any real numbers unless otherwise specifically mentioned. 
As usual, R represents the set of all real numbers. ' 


A,. The trichotomy axiom: 
For any two real numbers a and b, that is, for any two elements a 
and b of R, one and only one of the following relations hold 
a> boa = bs boa 
For example, consider the numbers 5 and 8. Out of the relations 5 > 8; 
5 = 8; $ > 5 one is true, namely, 8 > 5 and only this one is true, the 
other two are false. 


Similarly, try with other pairs like —4, 2; 6, — » $0, 3; 7, 7 etc. 


and verify the axiom. 


A, The transitive axiom : 

For any three elements a, b, c of R, if a > b and b>cthena>c. 
For example, consider the three numbers —1, 1, 2. We have 27» 1 and 
17» — 1 and we know that 2 > — 1. Thus 2 > 1 and 1 > — 1 leads to 
2>—1. 
This axiom is like thinking of three boxes a, b, c of different sizes. 


p 


a b ‹ 


If the box b can be put into the box a and the box c can be put into 
the box b, then the axiom guarantees that the box с can be put into the 
box a. 


Аз. The axiom of addition : 
For any three elements a, b, c of В, if ab then atce>b+c 
For example, we have 5 > 3. Consider the relation 
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Ke booth eee Shot sd 
What number, put in the box satisfies the inequality? Try with various 
numbers. You will find that the inequality holds whatever be the real 
number you choose to put into the box. 


A,. The axiom of multiplication: 
For any three elements a, b,c of R, if ab andc > 0 then ac > be. 
For example, we have 2 > — 2. Now put any positive real number in 
the box and verify that 20 > (—23 0. 
Try similarly with (i) 5 > 1 and (й) 13] 10 ? 
We shall take the above four rules for granted, as constituting 
together, the definition of the relation *is greater than". 


The relation “is greater than" іп R conveys the same meaning as 
the idea “‘is to the right of” on the real line. For, if a point x is to the 
right of y on the real line, 


ылы ллы а ысыр мышлы с гиена 

* K 
then the real number corresponding to x is greater than the real number 
corresponding to y. 


3:3. Since every element in the system of natural numbers or 
rational numbers or integers is also a real number, all the four axioms 
mentioned above for real numbers are automatically applicable to 
the systems of natural numbers, integers, rationals and irrationals. 

Note that, since addition in reals is a commutative operation, in 
axiom Аз, a + c can be replaced by c +a and b + с can be replaced 
by c + b so that axiom Ад can also be written as 


“ifa>bthenc+a>c+b.” 
Similarly, since multiplication in reals is a commutative operation, there- 


fore in axiom Ал, ac and bc can be replaced by ca and cb respectively and 
hence it can also be written as “if a > b and c > 0 then ca > cb". 


3:4. The relation ^is greater than" is called a binary relation, 
since it shows the relation between two elements. Care should be taken to 


ча 
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observe and understand clearly the difference between a “binary opera- 
tion” and a “binary relation." A binary operation, as discussed in the last 
chapter, is a definite mode of combination of two elements (at a time). 
When two elements of a system are combined by a binary operation, 
the result is a single element of the system. This process can be repeated 
and we can combine as many elements as we desire, the combination being 
made of two elements at a time; each time, we get a single element as 
а result of the combination and whatever be the number of elements 
combined, the ultimate result is a single element. 
' А binary relation such as “18 greater than" does not convey the idea 
of combination of two elements to produce a third. It is a mode of com- 
paring two elements of a system. 

For example, the union in sets is a binary operation. Because, if 
A and B are two sets, AUB is itself a set. The union “W” is therefore 
a mode of operation which combines two sets (at a time)to produce a 
single third set. 

The subset notion € is, however, a binary relation. For, itis used 
to compare two sets. If A and B are two sets then, A C B shows a 
comparison or relation between the two sets. 


3-5. Sometimes, instead of making a comparison through the 
relation “is greater than", it is more convenient tosthink the other way 
round and make the comparison through the inversejrelation “48 less 
than". We make therefore, the following definition: 


Definition 1. For any two elements a and b of R, a is said to be 
less than b (written ава — b) if and only if b > a. 

Every axiom of Art. 3:2 can be written in terms of the relation “18 
less than". The axioms so formed constitute an independent set of | 


axioms which may form the base of studying the comparative relation- 
ship between any two elements of a system of numbers. : 


: 3.6. Definition 2. If a real number ‘а’ is greater than zero then 
it is said to be "positive" and if it is less than zero then it is said to 
be “negative”. : 

On the real line therefore, all the points to the left;of zero represent 
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negative numbers and all the points to the send of zero represent posi- 
tive numbers. 


COMME RUDI An Y —+ а 
аге ОГ! VUES У е 


Negative Numbers Positive Numbers 


3.7. Is zero positive or negative? 
From axiom Ау, for any two real numbers a and b only one of 
a>b, a=b, b>a | 
can be true. If a and b are both replaced by zero, then only one of 
070; 0=0; 0>0 is truc. , 
But the numbers represented Бу the same symbol must be equal 


0— 0 is not true 
and Qe 0 15 not true а а аа (ii) 
from (i) 0 is not positive. 
from(ii). 0 is not negative. 
Thus, zero is neither positive nor negative. 


3:8. We next proceed to prove some of the important Properties of 
the inequalities in the form of the following theorems, 


Theorem 1. 


For any real number a, if a > 0 then—a < 0 and conversely. 
Proof: 


Since a > 0 ~. а4(-а)»04(-а) Бу А, 
1 0»-4а 
и —a<0 def. 1. 
Conversely, if —a <0 then 0» —a def. 1. 
и. 0-а»(-а)-а Бу А, 


a»0 
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Theorem 2. 
For any two real numbers à and b, 
(Gi) a>b if and only if —a < —b 
(ii) a«bifandonlyif —a > —b. 
Proof (i) We shall first establish that 
if a>b then —a < —b. 

Sine a> b .. ва) >р (ау by А; 
0>b+(-— 4) 
(—b)+0>(—b)+(b+(—a)} by Аз 
—b>{(—b)+b}+(—a)) associativity = 


of addition 
—b»04(—a) inverse of addition 
usce D NE identity of addition 
|—a«-—b def. 1. 

Next, we shall éstablish that if — a < — b then a >b 
(9 Since -а<—Ъ.. —b»-—a def. 1. 
a+(—b)>a+(—a) | by As 
22а-4(-00)»0 identity of addition 
{a+(—b)}+b>0+b by A; 
a+{(—b)+b}>b associativity 
a+0>b inverse of addition 
a>b identity of addition 


Proof (ii) is left for the students to do, proceeding exactly along the 
same lines as Proof (i) . 


Theorem 3. 
If a >b and c < 0 then ac « bc 
Proof: Sineec<0 .. -с»0. ( By theorem 1) 
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By axiom Ay, а(—с)> b(—c) 
—ac»—bc 
ас« bc ( By theorem 2.) 


This theorem states that if both sides of an inequality is multiplied by a 
negative number then the sense of inequality is reversed. 


ёоо 5 93 


By the above theorem, 5. (—7) < 3 .(—7) 
— 35 < —21 


Note that axiom A, states that if both sides of an inequality is multiplied 
by a positive number then the sense of inequality remains unchanged. 


Theorem 4. 


Ifa and b are positive and a » b then e < 


Proof: 
Since a>b ~. 4(1)»». (4) вуА (1. »0) 
Qs | | 
а 
) 1 b 1 QUE 
e (etes du) 
Ge NER. 
2 р а 
Tw T 
US ЯВ: def. 1 


| ты а > 0 implies = > 0 is left for the students to verify. ] 


Theorem 5. 


For any real number a, а? > 0 
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Proof: 
(i) If ais positive, а> 0 
2/78:4/2»70:4 Ву A, 
а? > 0 
(ii) Ifais negative, а < 0 ѕо that— a»0. 
qud 0»а 
0(-ау»а(-а) (By Ay 
0»-2 
а2>0 | Theorem 1- 


(11) Ifaiszero,a = 0 
7. а (а) = 0 (а) 
Ја? = 0 
Thus, whatever be the real number a, az 0. Note that a? = 0 if and only 
АО 
Theorem 6. 


For any two real numbers a and b, ab is positive if and only if a and 
b are either both positive or both negative. 


Proof : 


(i) ‘If part’ i Given ab is positive, to prove that a and b are either both 
positive or both negative. 


Сазе1, Letab > 0 and a > 0. We shall prove that ъ> 0. 
Sine a0 у. 120 


Using ab > 0, we therefore have 


p Ne ) | By Aw 


x 22-40) 2 Commutativity of multiplication 


i dm 
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Thus a and b are both positive. 
Case II. Now supose ab>0 and a<0. We wish to establish that b < 0. 


Since а<0. /. ~a > 0 
1 
Zon eU 
1 
gree 
Now, өэ02(-4)э52(-4) 0 By A, 
а. hee 
а 
(1) ъ>0 
-ъ>0 
b <0 


Thus a and b are both negative. 
Gi) ‘Only И” part: 
Case 1. Given a and b are both positive, to prove that ab is positive. 
а 20,5 8 Cb). 20006). 5, By Ay (20520) 
арвь-0 
That is, ab is positive. 
Case II. Given both a and b are ngative, to prove that ab is positive. 


Since а<0..—а>0 Theorem 1 and def. 1. 
Since b < 0 ~. (—a) b < 0(b) Theorem 3. 
а <0 
"ab»0 def. 1. 


That is, ab is positive. 
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10. 


11: 


EXERCISE 


Sometimes the relation “is greater, than" is defined as “a>b 
if and only if a—b is positive." Prove axioms A; Аз, and А, 
making use of this definition. 

State if each of the following are true or false. 

(i) 0 = —0; (0) 0(2) —0; (iii) 0(--а) = 0 (iv) a (~a) = аз» 
Prove the following rule and illustrate it. 

If ab and c>d then a+c > b --d. 

Which of the axioms did you use to prove it? 

Prove that if a, b, c, d are positive real numbers, а>Ъ and 
с>4 then ас» bd. 

Give illustrations supporting the assertion. 

In the previous example, a, b, с d are positive real numbers. 
Does the law hold if this restriction is removed? Illustrate. 
Give an example of integers a, b, c, d to show that a>b, 
c»d may imply ac<bd., 


Using the rule proved in ex. 3 above, prove that if a>b and 
с>0 then a + c >b. 


Prove that 

(i) Ifa>1 then a? > a. 

Gi) If a is positive and а< 1 then а*<а. 

Mention in each the axioms you use for the proof. 

Extend the result (i) of the previous example and prove that 
if m and n are two positive integers such that m>n and a1, 
then a” >a". i 
Use axiom A, to prove that if a + с >b + c then а>Ъ. 
[Hint a+c>btoe sateot(—cl>bt+e+(—c)] 
Use'Ex. 3 to prove that 

(i) The sum of two positive real numbers is positive 

(ii) The sum of two negative real numbers is negative. 

Use Ex. 4 to prove that if a and b are any two positive real 
numbers and a>b then a >b. 

What axioms did you use to prove it? 


0 


12. 


13: 


14. 


15. 


14. 
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*. 
If а> b, prove that о >b 


[Hint: a>b.a+aS>atb..2a>atb 
5 A (aay s Б) За» ls 


now prove the other part similarly. ] 
Use theorem 5 to prove that 1>0. 


With the help of the previous example prove that 2>1 and 
hence that 2>0. Which of the axioms did you use to‘ prove 


the latter part? 


Prove that - 3—- 1. 
[Hint: —3 < —2 and —2« —1] 


ANSWERS 
0) True; (1) True; (11) True; (iv) False. 
Axioms used are A, and Ag. 
No. ў 


ТЕРА os bia ста 4: then ac = T, 


bd = 8 thus ab, cd but ac < bd. 
А, 

POM 

K 


CHAPTER FOUR 


Permutation and Combination, Binomial 
Determinants, Surds and Indices 


‘4-1. The Multiplication Principle: 


Suppose you have three small wooden balls coloured red, blue, green. 
respectively, and you wish to give them to three children Tulu, Bulu 
and Lalu, one each. In how many ways can you do this? The possible 
distributions are as shown below : у 


Tulu Виш Lalu order of distribution 
/8 b Tug ub 
27 
S 
DE ue о шр tubus 
HET RN ean xb 
g 
iubar "e 
уй r b Wer 
[^ \ 
Б 
Ne g Di. ug 


116 Ап Introduction to Modern Mathematics 


\ 


There are, obviously, six possible arrangements of 3 different balls among 
3 boys. Note that the order of arrangement is important. Thus r bg 
and b gr constitute two different arrangements. The same result would 
be obtained if we consider the above problem as that of the arrangement 
of 3/ different things in 3 positions. 


uy 


There are 3 ways of filling up the first position. Once the first position is 
occupied by one of the 3 things, there are now only two things left out. 


\ 
xp 


So the second position can be filled in 2 ways. When the second position 
is also occupied, there is only one thing left out and only one position 
vacant, to which the last thing must compulsorily go. 


QNA 


There is therefore 3x2X1 = 6 arrangements of 3 things in 3 different 
positions. With arguments similar as above, if there are four men to be 
seated in 4 chairs for a photograph, it can be done in 4х3х2 х1 
i.e., 24 ways. 


Take another example. Suppose there are four roads from Nagpur 
to Bhusaval, two roads from Bhusaval to Manmad and three roads from 
Mánmad to Bombay. In how many ways can a journey be made from 
Nagpur to Bombay via Bhusaval and Manmad? The tree diagram drawn 
below shows the possible routes that can be taken. 


` 
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Bombay 


Nagpur Bhusavat 


Count the number of possible arrivals at Bombay. You will find that it 
is exactly equal to 4X3 x2 i.e. 24. : 

In general, if a certain work can be done in p, Ways, to each way of 
doing this work, а second work done in рз ways, to each way of doing 
the second work, a third work can be done in ps Ways апа во on, for n 
works, then the total number of ways in which all these works can be 
done together is р, X Pz X Рз-- 2, Хрл, where n is апу -Hve 
integral number. This is called the Multiplication Principle. 


Example: A student has three trousers, five shirts, and 9 ties. 
In how many ways can he dress himself? 


шинэ 


The student can choose the trousers in 3 ways. To each choice of a trouser, 


he can make 5 choices of a shirt. 


шан 


! 
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Thus for 3 trousers, he can match his shirts in 3x 5 ways. To each of 
| 3 | 5 | 


these ways, he-has 9 choices for matching a Че. So he can dress him 
self up in 3 X 5 x 9 ways. 


4:2. We have already scen that the number of ways in which 3 
different balls can be distributed among 3 boys can be obtained from a 
tree diagram. We can, likewise, get from a tree-diagram the number of 
arrangements of the elements of any set of things in a given number of 
positions. The process, however, becomes very cumbersome when the 
numbers are very big. For example, would you like to draw a tree-diagram 
for the;distribution of 25 different story books to 25 different boys of 
your class? The diagram, even if tried and drawn, will be uncannily 
long, and you would certainly wish to have some method of solving the 
problem other than by drawing the tree-diagram. We shall find, now, with ` 
the help of the multiplication principle, a general formula to deal with 
all such problems. 

Let there?be n different shaped mangoes, and suppose we wish to 
arrange them in n different positions. We shall, to start with, select any 


one of the n fruits, and let it occupy the Ist position: this we can doin 
n ways. The first/position ‘filled, we come to the second. We are now left 
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with (n—1) mangoes, and any one of them we can put to fill position 2. 
Thus there are (n—1) ways of filling the 2nd position. 


The first and second positions over, let us;extend our considerations to 
the 3rd position. We have got now (n—2) mangoes left, so the 3rd position 
can be filled in (n—2) ways. 


Similarly, the 4th can be filled in (n—3) ways, the 5th in (n—4) ways, 
the 6th in (n—5) мауѕ,апа so on. (In how many ways can the 13th posi- 
ion be filled? Can you observe directly that the number of ways will be 
(n—12) without going) through all the;previous positions? How about 
the 20th position, 33rdjposition? r th position?) 


ЕЕ: 
2 3 TURIS сал үх USE г n 


As we proceed in this manner, the number of ways diminishes by 
one each time. Ultimately, when we come to the last position, that 18 
the nth box, there will be only one mango left, so that the last position 
can be filled in only one way. Е 
Making use of the multiplication principle, the total number of ways in 
which all these arrangements can be done is n(n—1) (@—7)..... ‚43.2.1. 
These arrangements, as we have already observed in article 4:1 have 
an order. That is, the place value, or the position value is "important. 
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Such an arrangement is called a Permutation. A “permutation” thus is an 
ordered arrangement which depends on n, the number of things, and 
r, the number of positions to be filled by things chosen from among the 
n things. The permutation of n things taken r at a time is thus a functional 
relation of n and г, and therefore is denoted by P(n, г). 

As discussed above, the permutation of n different things in n 
different positions, i. е., P(n, n) is n (n—1) (n—2) ......3.2.1. 


4:3. Definition: The quantity n(n—1) (n—2) ....3.2.1. is for 
brevity, denoted as n! or (L^) and is called “factorial п”. 


e; р. 5! = 5(5—1) (5—2) (5-3) (5—4) = 5:4-3-2:1 
1207 
7! --7:6:5:4-3-2:1 = 5040. 
m! = m(m—1) (m—2) (m—3) ... 3:21. 


note that (n—1)! = (n—1) (n—2) (n—3) р. 320 
and hence n! = n((n—1) (0—2) (0—3) ...3:2:1}. 
_  zmn(n-—1)! 
Thus (45)! =45 (44)! 
(103)! = 103 (102)! сіс, 


For reasons which will be obvious later, we define 0! = 1 


According to this definition, the permutation of n different things, 
taken all together (that is, to be arranged in n positions, so that none of 
the things are left out when all the positions are filled) which is denoted 
by "p, or P(n,n) is п! 


2. Pa, n) =n! = n(n—1) (n—2) ... 3-2-1, 


4:4. We shall find out next aformula for permutations when the 
number of positions is less than the number of given things: 


Suppose there are seven different books and any three of them are 
to be placed in three different positions. The first position can be filled 
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Ў НИЙ o0 


in 7 ways. For the second position, 6 books are left out, so that it can 


be filled in 6 ways. 


Lastly, 5 books having been left for the 3rd position, 5 ways are there to 
fill it. Hence by multiplication principle, the total number of arrange- 


Ё 3 7! 7! 
ments is 7.6.5. ie. ЗГ or (7-3) 


7! 
In other words, P(7,3) — 7.6.5. — (1-3) 


Similarly, the number of arrangements of9 things taken 4 at a time 


1 
(that is, in 4 different positions ) is 9.8.7.6. i.e. Gr 


Thus, P(7,3) is the product of three [Note the second component of (1,3) 
is 3 | factors starting from 7 [i.e. the first component of (7, 3)], each factor 
being less by 1 than the previous factor. In the same way P(9,4) is the 
product of four factors starting from 9, each factor being less by 1 than 
the previous one. Find out Р(6,2), Р(5,3), Р(8,5), thinking for them in 
the same way as above. Їл general, the number of arrangements of n . 
different things taken r at a time is 
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Р(п,1) = n(n—1) (n—2) ...... For r factors 


— n(n—1) (n—2) ...... (n—(r—1)) 

= n(n—1) (n—2) ...... (n—r--1) 
n! 

muc 


Refer back to article 4:2. You will find that the number in the rth box is 
n—(r—1) ie. n—r +l; and if there were only г boxes to fill, the 
total number of arrangements, by multiplication principle, would be 
n(n—l) (n—2)....(n—r--1), which is what we have now obtained 
as Р(п,г). 


4:5, Examples: 


1. How many words can be formed of the letters of the word 
“NAGPUR”, by taking (a) three letters, (b) four letters, 


(c) six letters at а time? í 
There are 6 letters in the word NAGPUR. 


(a) The number of arrangements taking 3 at a time is given by 


6! 61 6:5:4-3:2-1 1) 


PRU E о, 120. 
в ПЕ 

O P64) = = 3 т 360. 
3b ol 016 dep. 

© 060) = ы =p = ET то, 


2. How many different words can be formed from the letters of 
the word “valedictory”? How many of them will begin with 
r? How many will begin with v and end with r? 


The total number of words = P (11, 11) — 111 
= 11. 10. 9. 8. 7. 6. 5. 4.3. 2. 1. 
— 39916800. 


Permutation and Combination, Binomial Theorem 123 


For the number of words that begin with r, the first position 
is to be reserved for the letter r. Thus the arrangements have 
to be made for the other 10 letters in 10 positions. 


<. No. of arrangements which begin with г 


= P(10, 10) = 10.9.8.7.6.5.4.3.2.1. 
= 3628800. 


For the words that begin with v, and end with r, the first and 
last (that is eleventh) positions are compulsorily occupied by 
v, and r respectively. Therefore, arrangements have to be made 


for the other 9 words that are left out among themselves. 
3. Number of words that begin with v, and end with r 
= P(9,9) = 9! = 362880. 


3. Ina basket are kept six fruits: a mango, а peach, a banana, 
an apple, an orange, and an apricot. Three children Tom, 
Mary and Dick are to be given one fruit each ftom the basket. 
0) In how many ways can the distribution be arranged? (ii) In 
how many of these arrangements will the mango be always 
given away? (iii) In how many will the peach be always left in 
the basket? 


G) The number of arrangements of the fruits among the 


4 6! 6! 
children — P(6.3) — (8-3) 1 


6:5:4:3-2:1 
„КУЕ = 120. 


(ii) Since the mango is always to be given away, there are 
5 fruits left out to be distributed to two children 


Now if Tom gets the mango, the number of arrangements 
of the rest of the fruits is Р(5,2). Similarly if Mary gets the 
mango, then again, there can be P(5,2) arrangements, and 
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Dick gets the mango, Р(5, 2) arrangements correspond to it. 
Thus the total number of arrangements is 


5 AA 
=3 x P(5, 2) = (= ду 
5:4-3-2:1 
71002212 

zx 60. 


(iii) The total number of arrangements in which the peach 
is always given away can be found as above to be equal to 


з x P(52) = 60.. 


-. The number of arrangements in which the peach is left in the 


basket = The total number of arrangements — the number of 
arrangements in which the peach is always given away. 
= 120—60 = 60 


Frequently, an indirect approach to a problem of permutation, as in 
this case, makes solving of it simpler. 


The last part of the above problem, which can also be phrased as 
“Та how many distributions will the peach never occur?" can be done in 
another way too: If the peach is never to be given away, there will be 
5 fruits left out, to be given to 3 children. Hence the number of 
arrangements = P(5,3) = 5.4.3 = 60. 


4:6. The Addition Principle : 


Ifthere are two mutually exclusive arrangements (i.e. two operations 
which cannot occur simultaneously) and if the first can be done in m 
ways, and the second in n ways, then the total number of arrangements 
will be m+n. 


e. g. Suppose there are four triangular flags, coloured red, blue, green 
and white. How many signals can be made with them by using at least 
two of them simultaneously ? 
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(i) If two flags are used, the number of signals = No. of 
arrangements of 4 things, 2 at a time. = P(4,2) = 12. 


(ii) If three flags are used, number of signals =P(4,3) = 24. 
(iii) If all four flags are used, number of signals = P(4,4) = 24. 
Total number of arrangements (i.e. signals) 
= P(4,2) + P(4,3) + Р(4,4) 
= 12 + 24 - 24 = 60. 


Here, the arrangements (i), (ii), (iii) are mutually exclusive. (that is, if 
two flags are hoisted to make a signal, at the same time 3 flags cannot 
be put up.) 


So, the addition principle is made use of to combine the different 
kinds of permutations. 


4-7. Tn all the above discussion of the permutations of various cases 
and kinds an important consideration is of the fact that the order of 
arrangements must be taken care of. To take a concrete example, 
if a red, a green and a white ball are to be permuted two at a time, then we 
have not only to select out all possible pairs like 

т £ 

b g ; butto consider all possible arrangements in each selec- 

b т 
tion again. Thus if the red and green balls are chosen, there will be 


wo arrangements 18 Jeorresponding to them. Similarly for the blue 
gr 
and green balls, there will be two independent arrangements among 


themselves, b ` and. so also for the selection of red and blue balls 


will there be two mutual arrangements within the selection itself given 


by 9 z . The total number of arrangements thus being 6, we 


T 
write P(3, 2) — 6. 
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Let us now turn our attention to problems in which we are interested 
merely in choosing out a number of things out of some given things, 
without caring for the order of arrangements. In the above discussion 
of the three balls, if we were asked merely to choose two balls out of the 
three (and once the choice is made, they need not be placed in any 
ordered position); we shall select either blue and green, or blue and red 
or red and green, the possible number of choice being г = | 

PD 
bog 


that is, 3. Note that, since the order is immaterial, once we choose out 
the red and green balls, this choice makes only one possibility and not 


two, like p К 
gr 


Take another example. Suppose, in a inter-college debate competition 
three boys are to be sent. Four boys give their names for the competition. 
They are Deshmukh, Mitra, Rai and Verma. In how many ways can 
the selection be made? The selection can be done in 4 ways : 


Deshmukh, Mitra, Rai 
or Mitra, Rai, Verma 
or Rai, Verma, Deshmukh 
or Verma, Deshmukh, Mitra. 


Note again, that once 3 boys are chosen out of the four, there is no 
question of any more possible arrangements among themselves. Thus 
Mitra, Rai, Verma will constitute only one selection whether we put 
down the names as Mitra, Rai, Verma or Rai, Verma, Mitra or Verma, 
Mitra, Rai etc. In other words, it is immaterial asto which name out 
of the three we write first and which afterwards. 


In the same problem, if instead of merely selecting 3 boys out of 4, 
' the question was of seating them in chairs numbered a, b, c then in each 
selection there would be some inter-arrangements. For, if Mitra, Rai, 
Verma are chosen, they have now to be seated in the chairs and this, as 
we have seen before, can be done in P(3,3) ways. 


Permutation and Combination, Binomial Theorem 127 


We therefore observe that an arrangement (permutation) is different 
from a selection. In fact an arrangement (i.e. permutation) is some- 
thing more than a selection. For permuting 2 things out of 3 we first 
select the-two and then in each selection make inter-arrangements. 
A selection in which no inter-arrangement is done, that is, in which 
order is not taken into account, is called a Combination. The total number 
of combinations of n things taken r at a time is written as C(n,r) which 
shows it is a functional value depending on n and г. (т < n). 


In the case of the three balls, taken 2 ata time, the permutation is 
3! 
Р (35250155 в) = 6. 
the combination is C(3,2) = 3 as we have actually found. So that 
Р (3, 2) = С(3, 2) x (2!) 


In the case of the four boys, taken 3 at a time, the number of permutations 
is P(4,3) — 4.32. — 24. The number of combinations is C(4,3) — 4 as 
we have actually found. So that 


P(4, 3) = С(4, 3) x (31). 
We next prove a theorem to establish a formula for combination. 


4:8. Theorem: The number of combinations ofa set of n dis- 
similar things taken r at a time is 


n! n(n—1)(n—2)....(n—r--1) 
Sut e rl(n—rh га)... 321 


Proof: The number of ways in which г things can be selected from n 
dissimilar things is, by definition of combination,. C(n, r) On making 
one of these selections, there are r things with us, and if an order value 
is desired, these r things can be arranged among themselves in r! ways. 
Thus each selection gives rise to r! arrangements. Since in all there 
will be C(n,r) selections, the total numbet of arrangements must be 
C(n, г) x r!. But total number of arrangements of n things taken г at a 
time is denoted by P(n, г). 
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Р (п, г) = С (п,г)х (г)! 


C(n,1) = шин 


Вои, Р( 0, г) = Gone —-na-1lq-2...(n-rc 1) 


1 P (n, r) n! 
.CGeD- тр га) 


ший но, ca) = б за De Dn 


Hence the theorem is proved. 


Corollary 1: C(nr) = Cin, n—t) 


| 
Е аа П 


! 
and С (n, n—r) = an 1 (n—(n—1))! 


Ve n! 
Sue c NR Uae 
C (n, r) = C (n, 2—1). 
This formula helps to simplify calculations. 


e. g C(17, 15) = C(17, 17—15) 


= C(I7,2) = —- = 136 


Corollary + C(m o) = C@,n) = 1% 
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4-9, Illustration: In how many ways can a committee of one 
teacher and five boys be formed out of 4 teachers and 10 boys ? 


To form a committee, it is only the selection and not the order of 
selection that is to be considered. Therefore, the problem here is one 
of selection only (i.e. combination) and not of arrangement (that is per- 
mutation). The number of ways in which one teacher can be selected 
out of four = C(4, 1) ...... (1) 


The number of waysin which five boys can be selected out of ten 
= C(10, 5) ...... (2) 


To each selection in (1) there сап be С(10, 5) selections of the boys. 
Therefore, by multiplication principle, 


The total number of ways in which the committee can be formed 
= C(4, 1) x C(10, 5) 
= 4032. 

4-10. Theorem: (Pascal's rule); If r and п are two natural 
numbers such that 1 < г < n then С(п--1, г) = C(n, r-D) + C(a, т) 
Proof: We know from art. 4-8, that 

n(n—1) (a—2) ..-- (n—r--1) 

т (r—1) (1—2) ..., 3:2:1 
| Note that there are r factors in the numerator and the same in 
denominator.] 


C(n, r—1) + C (n, т) 


n (n—1) (n—2)......(n—r) n (n—1) (n—2)......(n—1) (n—r-4-1) 
т) DL ^ EOD. (031271 


n (n—1) (n—2)...... (n—r) 29—261. 
- MA AE RUE PATI 


С (n, r) = 


© I (r-1) (т—2)........... 

_ (n+1) n (2—1) (n—2) ...-. 5 =r) 
г (r—1) (т—2).......... Dad. 45872 yl 

= С (0+1) 


e. g. C (9, 5) + C (9, 4) = С (10, 5). 
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4:11. Pascal's rule provides a simple way of building a table for 
the values of C(n,r). Shown below is the table forj values of n upto 10 


С (141,1) = С (0,1—1) + C (n, 1) 


Lorn 


2210 
у 
у' 


у 


а 
дни 
iia 
1-4:44:4 
eh 
ел Л 


1 
Y 


Г 


T 

Y 
Y 
1 
Y 


t 


Y 
t 
1 
Y 


Values ofn 
Y 


т 
1 
Y 
Y 
à 
Y 
3 
Н 


AA 
+ 


t->- -rgh T 4 


ГА 
5-4 


t 


4- > —10-э--45- 9—-120- - -Zi- > -252- 2-2] 45-4-3-09-3-4 _ 


This table, giving the values of C(n, г) which are arranged in a triangular 
form, is called Pascal's triangle. The first and last numbers in each row 
is 1 [because C (n, 0) — C (n,n) — 1]. For example, C(4, 0) given by the 
row corresponding to 4 (ie.,n — 4) and column corresponding to 0 
i.e., (т = 0) is 1. So also C(4, 4) is given by the row corresponding to 
4(n — 4) and column corresponding 4(r — 4) is 1. To write any other 
value of C(n, г) while forming the table, we have simply to add the values 
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of combinations written in the previous row for r and r—1. For example, 
suppose, we have formed the table upto the row corresponding to 
n —6 , and now wish to write down the next row corresponding to n—7. 
Consider any entry in this row, say C(7, 5). Since СО, 5) is equal to 
C(6,4) + C(6,5), therefore it can be obtained by adding together the 
number in the previous row which is exactly above, and the number 
preceding it. So, C(7, 5) = 6 + 15=21. Similarly for all other entries 
in the table. Notice that the numbers in each row are symmetrically 
arranged about the middle number (or the pair of middle. numbers). 
This is to be expected since 


C (n, п = C (n, n—r). 


EXERCISES 


1. A rat, being chased by a cat enters a room and finds 3 exits 
in the room. Each exit leads to two doors. In how many ways 
can the rat choose a way out of the room? Draw а tree-diagram 
to illustrate your answer. 


2. How many pairs of the type (x, y) can be formed if x and y 
are to take values from among the elements of the set ( <,B,y,5} 
and (3, 4, 5) respectively? Illustrate the set of all possible 
ordered pairs by a tree-diagram. : 


3. An urgent meeting of a committee of 30 members is to be called 
by the President. The president rings up four members and 
asks each of them to inform three members each of whom 
in their turn should contact two members to inform them 
about the meeting. How many members would be left out 
without the information? Illustrate your answer by a tree- 
diagram. 
4. Find P(6, 2), P(20, 4), P(9, 5), P(8, 4), Р(10, 3). 

; NN RE чы prn br 
5. Find the values of : (i) ral > (ii) mA ; 


(uy 


132 


o 939 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 
18. 


19. 
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Prove that P(n, n—1) = P(n, n) 

Prove that (2n)! = 2^ (nf). 1. 3. 5. 7. .... (2n—1). 

Show that P(n + 1, r) = (n + 1) Р(0, г—1). 

How many different numbers сап be formed with the digits 
2, 3, 4, 9, 7 taken (i) two ata time, (ii) four ata time, (iii) all 
at a time? 

In how many ways can a group photo of 9 men be arranged if 


any four of them must have the front row and five the back 
row? 

How many words can be formed of the letters of the word 
*Hyperbola" consisting of 3 consonants and two vowels? 


There are eight envelopes and eight greeting cards of different 
sizes. If four of the cards are too big for 3 of the envelopes, 
in how many ways can the cards be placed in the envelopes? , 


In how many ways can 3 letters be mailed: in 5 mail boxes ~ 
such that no two of them are mailed in the same box? 


In a row of 12 chairs, 6 boys and 6 girls are to be seated alter- 
nately. In how many ways can this be done if the first chair is 
always to be occupied by one of the girls? 
Find C(3, 2), C(6, 2), C(10, 3), C(32, 29), C(102, 101), 
C(54, 52), C(535, 534). 
Prove that 
(i) т. Cn, п) п: C(n—1, r—1) and 
(1) Cm, r--1) (xx) Caan ;0<r<n- 
Can Pascal's triangle be constructed by formula (ii) above ? 
IfC(n + 2,4) = 6 C(n, 2), find n. 


Given 14 points, no three of which are collinear, find (i) the 
number of straight lines, (ii) the number of directed line seg- 
ments that can be formed by joining pairs of these points. 


| 


\ 


In how many ways can four candidates be selected for a job 
for which twelve candidates apply ? 
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20. 


21. 


22: 


23. 
24. 


2X 


26. 


21: 


28. 


A diagonal of a polygon is a straight line joining any two 
vertices of the polygon which are not adjacent. How many 
diagonals will a 16 sided polygon have? If a polygon has 44 
diagonals, how many sides does it have? 

There are 52 different cards in a pack of playing cards. If a 
hand is made up of 5 cards (disregarding the order) how 
many possible hands can be made? 

In how many ways can a boy choose 2 gifts out of 8 different 
gift packets? 

A committee of 4 boys and 2 girls is to be formed. In how 
many ways can the selection be made out of 15 boys and 7 
girls? 

A coach has 6 seats facing forward and 6 facing backward. 
In how many ways can 8 persons be seated in it if two of them 
refuse to face backward? 

A student wants to choose three subjects out of Economics, 
Psychology, Chemistry, Physics, Botany, Zoology, Sanskrit 
and Mathematics. Find (1) In how many ways can he make 
his choice? (ii) In how many ways can he choose if Chemistry 
and Sanskrit classes are held at the same time? (iii) If he wants 
to take two science and one arts subject, how many combina- 
tions has he to make his choice from? (Consider Mathematics 
to be a science subject.) 

There are two triple seated rooms, three double seated rooms 
and four single seated rooms in a hostel. In how many ways 
can 16 boys be accommodated in the hostel in each of the 
following cases? 

(i) 3 boys insist on having single rooms. 

(i) two boys refuse to room together. 

From 22 boys of a certain coy of N.C.C., a batch of 5 is selected 
every night to guard the campus. How many batches can thus 
be made? In how many of them will a particular boy (i) always 
be included. (ii) never be included? 

How many triangles can be formed of twelve lines drawn in a 
plane, no two of which are parallel? 


"29. 


30. 


31. 


32. 


33. 


12. 
13. 
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In an elocution competition, 7 boys and 5 girls wish to take 
part. In how many ways can their speeches be arranged if 
the competition must begin with a girl? 

A person has 25 friends of whom 15 are men and the remaining 
ladies. In how many ways may he invite 18 friends, 10 of 
the invitees being men? 

In a dinner party, 8 non-vegetarians and 6 vegetarians are to 
be seated in a row. In how many ways can this be done if one 
of the vegetarians refuses to have any non-vegetarian on either 
side of him? ] 


In a chess tournament there are 8 participants. How many 
games must be arranged so that each participant plays with 
every other participant once and not more than once? 


Three coins are tossed up into the air. Find the number of ways 
in which they may fall (one coin can fall with either head or 
tail turned to the looker). 

In how many of these will 

(i) one fixed coin always show head? 

(ii) one fixed coin never show head? 


ANSWERS 
6 
12 
6 
30, 116280, 15120, 1680, 720. 
(i) 10; Gi) 2». n*. 2n—1) Qn—3) ......5.3. 1; 
CRM 
(iii) 7 
(i) 20, (ii) 120, (iii) 120. 
362880 
720 
2880 
60 
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14. 518400 

15. 3, 15, 120, 4960, 102, 1431, 535 
16. Yes 

17. 37 

18. (i) 91; (ii) 182. 

19. 495 

20. 104, 11 

21. 2598960 

22. 28 

23. 28665 

24. 4536000 

25. (i) 56: (ii) 30; (iii) 30. 
26. (i) 24(13)!; Gi) 222(14)! 
27. 201376, 31465, 169911, 
28. 220 

29. 199584000 

30. 135135 

31. 9580032000 

32.28 

33. 8;4; 4. 


4:12. Mathematical Induction : 

Suppose, there are a number of metal rods and your friend challenges 
you to bend all of them. You take up one rod and bend it, and your 
friend agrees that you can bend them all. In this case, 

0) Your friend observes actually that you have bent the first 
rod. E ; 

(ii) He knows that if you can bend any one rod, you can bend the 
next rod. 

Hence he is satisfied that your ability for bending the rods holds 
for all rods though he does not actually see you bending them all. 


In mathematics an idea similar to this is sometimes used to prove 
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certain assertions and the principle so formed is called the Mathematical 
Induction. If we wish to prove an assertion like  n(n--1) (n--2) = 
n? + 3n* + 2а by mathematical induction we shall do it in two steps. 
() first, we observe actually that the assertion is true for one 
value of n, which is n = 1. 
Here, if n = I, n(n + 1) (n 4-2) = I. (1 4- D (1-- 2) = 6. 
and п? + 3n* + 2n == 13 + 3:12 4- 2:1 = 6. 
Hence n (n -+ 1) (n + 2) = п? + 3n® + 2n is satisfied for 
one value of n, namely п = 1 ...... (1) 
(i) Next, we prove that if the assertion is true for one value of 
n, then it is true for the next value of n (that is, for the 
successor of n) 


Let the assertion be true for the value т of n. 


г(г-+ 1) (4-2) = P 3г% + 2r... (2) 
Adding 3 (г--1) (7+2) on both sides, 
т (r4- I(r + 2)-+3 (1+1) (+2) = -- За + 2r + X(r-- 1) (02-2) 
a (FIED (e 3) =(+ D? 3 (rA 19-22410...) 
that is, the assertion n(n+1) (n--2) = n*--3n1-2n 
is true when п =г+1. 
~ From (2) and (3) we observe that if the assertion is true for n = т, 
then it is truc for n =r + 1...... (4). 
Now, from (1) , the assertion is true for n = 1. 
г. from (4), the assertion must be true for n=1+4+1=2. 
mcs (5). 
Again, from (5) ‚ the assersion is true for n—2 . 
г. from (4), the assertion must be true for n —2 123. 
Їл this way, by taking the next number every time, it is established that 
the assertion is true forn = 1,2, 3, 4,5,6.... ie. for any +-ve integral 
value of n. We therefore say that the assertion is generally true for posi- 


tive integral values of n. With a motivation thus supported, we make 
the following rule :— 


Statement : If P(n) represents an assertion and if 


OQ mom cm umm. 
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() The assertion is true when n == 1 that is, P(I) is true, and 
(ii) Whenever the assertion is true for a certain value of n say 
n = m, it is also true for the next value of n, ic. n = m1. 
In other words, if P(m) is true then P(m -i- 1) is true. 
Then P(n) is true for all positive integral values of n. 
Note that the method of induction cannot be applied to prove any 
assertion for negative or fractional values of n. 


4:13. Illustration: 
Prove by Mathematical induction that 
14-24:43-44-..---ын- Tono 
Let us denote the given assertion by P(n) 
®© First we have to prove that Р(1) is true. Р(1) is obtained by 


putting n = 1 in P(n). n = 1 means there will be only one / 
term ол L. H. S. so that L. H. S. of the assertion is 1 when 


n=l. 


The R. H. S: of the assertion at n = 1 is а) 


Thus, РО) js = 103 1) — 1 and thisis true. 


2, Ра) is true. 

(ii) Next we assume that the assertion is true for some value 
m of n that is, P(m) is true and we wish to show that it must 
be true for the next value of n that is, P(m + 1) is true. 


“2 P(m) is true. 
142433 ccce p me SED 


Adding (m - 1) on both sides, 


i4 2:534228 m4 (m4 1) = ЕО) 


= (т +1) (2+1) 
54 (m+ 1) (m+?) 
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which means P(m + 1) is true. 
Hence if P(m) is true, P(m + 1) must also be true. 


-. By the principle of induction the assertion is true for every posi- 
tive integral value of n. 


EXERCISE 


By the method of mathematical induction, prove the following 
theorems for all +-ve integral values of n :— 


iow ae 


Эс 4 356,22. 0-2 Yan Sanat ty 

lop a eH ШУ BO CIC 80111112) 
оон A I Qn — 291 2 

Bebo ee сен бошу а Шр z Gy 
x" — y^ is divisible by x—y 

naso dide orla es UA p). 

[A Е ае +n8 = “ОЕ 

а К аг + ar? ......... ar* — шиш 


Is the statement n? + n = 2 true for ай -Гүе integral values 
of n? 


[ Hint: P(1) is true but P(m) does not imply P(m + 1)] 


10. 


Is the statement n? -+ (n 4- 1)? = 4(n + D true for all --ve 
integral values of n? 


4:14. The Binomial Theorem : 


For any +ve integer п, and any two numbers x and y 


(x 4- y» = C (n, 0) xe + C (n, 1) x^! y + C (n, 2) x"? у? 


ERIT. + € (n, г) xo^ yt 4r ......... + C (n, n) y*. 
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Proof: by mathematical induction 
() Жп = 1, L. H. S. of the assertion = x + y. 

R. H.S. of the assertion = С (1, 0) x СА, 1) x? y+terms 
in which the first component of 
combination is less than the 
second component. 

But in a combination C(n, r), if the first component is less than the second, 
it vanishes. 

В. Н. S. of the assertion = C(1, 0) x + С@, 1) хбу 

=x+y 
7. L. Н. S. of the assertion = В. Н. S. of the assesrtion when 
n= 1, 
їе. the theorem is true when п = 1 —(1) 
Gi) Let the theorem be true for some value, (say m) of nso that 
(x + y)" = С (m, 0) x» + C(m, 1) хт-1 у + C(m, 2) х" у 
te + C(m, г) хс” уб eene 
+ C(m, m) у”. 
multiply both sides of this equality by (x + У). 
уунна —x--y)[C(m, 0) x" -+C(m,1) xe y+ Сш, 2) x"iyt 
Tees -FC(m,r)x"-* у". .--C(m,m)y* 
= C(m, 0)x»*1--C(m, 1) x"y-- C(m, 2)x7! y... 
--C(m, r)em-r*! у"... --С(ш, m) у"х 
+ C(m, o)x y +C(m, Dx»-t у C(m, 2)xn-? y?4-... 
+ C(m, г)хт-" yr tr. --C(m, m) ул"! 
=C(m, оух" 4- [C(m, 0)4- Ст, 1]1x"y--HCGn, 1) -С(ш,2)кт *y* 
+... +[C(m, r—1)+C(m. г)] xm-rH yr... - C(m, m) y"** 
It has already been established that 
C(n, r—1)4-C(n, г) = С(п--1, г). 
C(m, 0)4-C(m,1) = C(m+1, 1) 
C(m, 1)4- C(m, 2)— Cn 1, 2) and so on. 
In general, C(m, r—1) 4- C(m, 7) = C(m--1, г) 
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Also, C(m, 0) = 1 = C(m-+-1, 0) 
Ч and C(m, m) = 1 = C(m--1, m--1) 


(x+yynt1=C(m-+1, О)х” а -- C(m4- 1,1)xy-4- C(m--1, 2)-1y* 
++... C(m4-1, r)x-rtiyr p C(m-F1, mtl) ул, 


This shows the theorem is true when n = m + 1. 


So, if the theorem is true for n = m, it is also true for n=m-+1..(2) 
From (1) the theorem is true when n = 1. 


2. From (2) the theorem is true when n = 14-1 
nd wee QB) 


Again from (3) and (2) the theorem must be true when n = 2 + 1 = 3. 
Applying the argument successively, it is proved that the Binomial 
theorem holds for all --уе integral values of n. 


4:15. The following properties of the Binomial theorem must be 
Observed and remembered. 


(1) The total number of terms is n + 1. 

(2) The first term is C(n, 0)x", i. e. х»; and the last term is 
С(п, n) у», 1. e. у". 

(3) Inany term, the index of x is the difference between the |com- 
ponents of the combination in that term; and the index 
of y is the second component of this combination. 

(4) The index of x goes on decreasing by 1, and that of y goes 
on increasing by 1, from one term to the next term, the sum 
of the indices of x and y always remaining n. 

(5) The coefficient of the first and last terms are equal, of the 2nd 
term from the beginning is equal to that of the 2nd term from 
the end; and in general, the coefficient of terms. equidistant 
from the beginning and the end are same. This result we shall 
rigorously prove later. 


Example: Expand (a—b)* by Binomial Theorem. 
Use the Binomial Theorem, and in it, replace x by a, & y by (—b). 
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1. (а—Ъ)# = C(6, O)a® + CE, 1)a5- — b): + C(6, 2)a5- *(—b)* 
+ C(6, 3ja*-*(—b)* + C(6, 4)a8- $(—b)* + C(6, 5)a*- (—b)* 
+ C(6, 6)a*- (—b)*. 
2248-4685 b + 1521 b23—20 a? b* + 15 a? b'—6 ab? + b°. 
Note that in the binomial expansion for the difference of two quantities, 
the terms are alternately positive and negative. 
4:16. The General Term : 
In the expansion for (x -+ у)", we Observe that, 
The first term i. e. T, = C(n, 0) x" = C(n, 0) x^-y*. 
Second term i. e. Ta = C(n, 1) x*?y* 
Ts = С(п, 2) х"-2у? 
T, = C(n, 3) x» 3y? 
and so on. 
So that Туу, = C(n, г) x""*y*. 
the (т + D^ term in the binomial expansion is usually taken as the 
general term and is given by Теа = C(n, г) x” "у". 


Example: Find the 17th term in the expansion of 
1 ND 
(юэ x ) 
1 21-+ 
We have, Tralee Gel, »( - (eddie cdi lieta 
Since we want the 17^ term, i.e. Ту, Put r= 16. 7 
21-16 

< fom(D, Ти = Cl, ю( 4) (—5 хо 

= CQ1, 5) 44-99, x Г Ca) = Ci n—0] 


21-20:19:18:17 | s10, ули 
754321 _ 


— 20349 (5). x38. 
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4:17. Inany binomial expansion, the coefficients of terms equidis- 
tant from the beginning and the end are equal. 


Let the binomial be (x + у)". 
Тһе (т + 1)th term from beginning = С(п,г) х"-"у“ 
7. Coefficient of (г + 1)th term from beginning = С(п, г) 


Consider now the (г + 1)th term from the end. Since there are (n + 1) 
terms in all, the (г + 1)th term from end has (n + 1) — (r + 116 
n—r terms before it. 


(г + 1)th term from the end — (n—r + 1)th term from the begi- 
nning. l 


= Ta-ri 
= C(n, n—r) х" yor 


и. Coefficient of (г + 1)th term from the end 
= C(n,n-r) 
= Cn; r) 
= Coefficient of (г + 1)th term from beginning. 


Example: Find the term independent of x in 


2 12 
(29 +за) 
To find the term independent of х, we have actually to find that 


term in which the index of x is zero, that is, the term containing |x°. 
Let the (г + 1 )th term contain x°. 


here, Tr, = C(9, г) (2x)°-* ( чи ) 


= С(9, 1):29-*- . х9-3” 


1 
E. 
Since this contains x^. 2, the value of r must be such that the index 
of x is zero. 


Л. 9—3 = 0.0. 0.23. 
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2. the 4th term is independent of x, and it is given by 
T,— СО, 3)27* 4, x 

1792 

Ego 


4-18. Theorem: In the expansion for (1 -+ x)" 


(i) The sum of coefficients of all the terms is 2". 
(ii) The sum of the coefficients of even terms is equal to the 
sum of the coefficients of the odd terms. 
By the Binomial theorem, 
(1 + x = С(п, 0) + Cn, 1) x + C(,2x* + ...... Sue ps 23 
+ C(n, n) х". 


G) Рих--1 
Cn, 0) + C(n, 1) + С(п, 2) -...... +C(n,n) = 2". 
Gi) Putx=-1. 


C(n, 0) — С@, 1) + C(n,2)— CO, 3) +.... 
+ (—1)" C(n, п) = 0 
7. C(n, 0) + Сб, 2) + C, 4) + .... + coefficients of odd 


terms = C(n, 1) + Cn, 3) + .... coefficients of even terms, and each 
= } [sum of coefficients of all terms ] 
= 4:20 = 28-1, 
EXERCISE 
Expand the following binomials ; 


1. (a4 5) 2. Glee 


s) 4. GM —3y* 


4 
5; (* Че 8) 


144 


17. 


18. 
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DN 
Find the ninth term of ( 2+ 2) 
Find the term containing x* in (5 —3x)". 

9 
Find the term containing х in (& — x) 


15 
Find the term independent of x in ( 3x? + J 1: 3 


20 
Find the term independent of x in (s + bx ) 
x 


1 
Find the middle term in the expansion of ( ан x) 1 


Find the middle terms in the expansion of ( 6 x? — y )?. 
Find the 17th term in the expansion of 


хз yrs 19 
( Be pia ) 
E : Же жа. Ў х у? Ne 
Find the term involving yin the expansion of (5- я ) 


2x? 
^ 15 


Find the coefficient of x!? in (+ 2) 


If х” occurs in the expansion of (х + j^ find its 


coefficient. 
Tf C; о), еш Со) en are denoted by 
Со, Су, Ca ....тезреснуу, prove that 


& + 2e; + 303 + 2 + ne, = n:2^-1, 


з 01 оз êz 4 Сз. Cn y 3"+1— 1 
2c, --2 282 3*2 zT S vs 


Prove these by induction as well. 
Show that 


[С (п, о) ]? + IC (1, DI? - [C(n, 2]? +... [С (п, п) ]? 
— С (20, п) = C9 Ti 
nin! 
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15; 


16. 
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ANSWERS 


at + 20аз + 1503? -- 500a + 625 


21 


189 945 2835 xiu 2 n 


I E ep rb ӨЯ T 


5103 


2187 


о | 7 
Же АЛЛ Л? 


0 
729 уз — 972 уз + 540 y—160y? + ыг б + diu: 
8 6 4 2 
ХЕ x? x5 x5 243 
xi-15 55 4.907, — 27056 + 405 - — у 
1 4 1 
il iini ун à 
EAS > RAA Re st 
46656 x5 Д мин 


184756 at bi 


' 318 
12012: Бин 
х 


The middle 


110565 at. 


т! 


terms аге Т; and Т, and each = 630-65 х0 y* 


m—r 
ue) ! 


GE 
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4:19. Determinants : 

3 

4 

is associated an arrangement of the elements of the matrix written as 
6 3 
5 4 
which represents the real number 6:4 — 5-3 that is, 9. Such an arrange- 


ment is called a “determinant”. A determinant is, therefore, the real 
number thus formed associated with the corresponding matrix. In 


With each square matrix like E 


general, with the 2 X 2 matrix б 1 is associated the determinant 
c 


a ub Ё and the value of this determinant is ad-cb. As in a matrix, а 
c 

determinant consisting of two horizontal and two vertical lines is called 

a2 x 2 determinant or a determinant of second order. The horizontal 

lines are called the rows, the vertical lines are called the columns, and 


each number in a row or a column is called an “element”. 


Example 1 : Find the real number corresponding to the matrix 
G 4] under the determinant rule. 


The determinant corresponding to this matrix is 


m 

hich i 
у | which is 
equal to.1:4 — 3:2, i. e. —2. 
Thus the given matrix corresponds to the real number —2. 


t 
Example 2: Solve the equation | | = 215, 
since | i is9:1 — x- Tie, 9 — 7 x, and this is given to be equal 
to —5; therefore wehave 9 — 7х = —5 


а БИН 


ХЕ 
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EXERCISE 


Evaluate the following determinants: 


10. 


11. 


4 6 | 2. —2 ВМ! 
jon 7 —1 4 
6 —7 4 | -5 6 | 
1 —9 2 —7 
[a c 6 | p 1j 
m p q 8 | 
у-4 2 
api 
Solve the equation : | 10 fon x. 
ze t 
Solve for t : | | 3 
ES 
Solve for y : Thee te ‚| = 2 
Prove that c b ded ab 
a о 
[ 
Prove that ме | =a) 
0 385 f 
x? 12 
Prove that 3 DI (x—6) (x 4- 6 
Solve form: | iu 12 
3m 6 
Solve for К: Ке 
k —5 
: i r 2 
Find the value of r if | 3 : =.0 
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17. 


18. 


on eT 
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s—2 10 


Find the value of s if | |4 
(2 38| 
d Mer I tee | 
Prove that =2(5 2). 
! 3 | (у – 2) 
ANSWERS 

10 2. —3 8: -47 
23 5. ap—mc, 6. ps— qr 
frd es 

2 

3 

Mad 

3 
22 
4 
1 
+2 
+3 
+ 2, 4. 
4:20. Consider the two equations 
ру а =0....... (1) 
ty {+%=0...... (2) 


If there exists a value of y such that these two equations are satisfied 
by it simultaneously, then the two equations are said to be consistent. 


Now, if these two equations are consistent, then from (1) we have y = Exi 
p 


Substituting this value for y in (2), 


(os) TS 
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or ps—rq = 0 
that is, | 
| т 
This provides. ап easy formula for verifying whether or not two given 
linear equations are consistent. 


Example 1: Find the value of ‘а’ so that the equations 5x —9 — 0 
and ax + 3 = 0 may be consistent. 
If the two equations 
5x — 9 — 0 and 
ax + 3 = 0 are to be consistent, 


then qi E must be equal to zero. So that 15 + 9a = 0. 
a 


Example 2: Verify if the equations 3x + 12 = 0 and x + 6 = 0 
are consistent. 


The equations 3x + 12 = 0 
andx + 6=0 


are consistent provided 


3.12 
15:70 


But this is not true. Hence the two given equations are not consistent. 


Е 


4.21. Properties of determinants : 
The following properties hold for any determinant of second orders 
and as you will see later, for determinants of higher orders also. 
(1) If the rows of a determinant are changed into columns and 
columns are changed into rows, the value of the determinant 
remains unaltered. 
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аР 
а 


If, in this determinant, the rows are changed into columns and vice 


Consider 


| ; its value is ad—cb. 


versa, then the determinant formed is whose value is ad- bc, 


the same as that of the original determinant. 


Compare with the fact that the matrix 2) б ) is not the same 


аз (= Ie 
( b d 
(2) If each element of a row or a column of a determinant is multi- 


plied by the same number then the determinant itself is multi- 
plied by that number. 

b . 

4 » 


multiply each element of the first row by the constant К. The new 
determinant formed is 


ka kb 
а 


Consider the determinant 


a b 
ecd ms 


This rule can be equivalently stated as: “If the elements of a row (or a 
column) of a determinant have a common factor, then it can be taken 
out as a common factor for the whole determinant." 


P = Кай-+ КсЬ = k(ad—cb) = К 


20 16 


Example: Evaluate: 27 18 


By the rule 2 proved above, 


20 16 4:5 44 

| 27 18 9-3 9-2 | 
ШИЛЧ 504 ое на ИЮ 
кер; |-362| KY |= 215-6 --n. 
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(3) If two rows (or two columns) of a determinant are identical 
then the value of the determinant is zero. 


a 


Consider | * 8 — ab—ba — 0. 


(4) If two rows (or two columns) of a determinant are interchanged 
then the sign of the determinant changes but its absolute yalue 


remains the same. 


Consider the determinant | : D whose value is ad—cb. 


If now the two columns are interchanged, the new determinant 


А ba 
formed is | 46 | = be—ad =—(ad~cb) 


a b 
c d 


(5) 1f each element of a row (or column) of a determinant is the 
sum (or difference) of two terms then the determinant can be 
written as the sum (or difference) of two determinants. 


ак b+m 
с d 


Consider 


= (а + k)á—(b + мс 


ad -+ kd—be—me 
(ad—be) + (kd —mo) 


| 124 


Extending this law, we can similarly prove that 


11 


la+mr b һа b ши b 
lc + шк d 1,050 7 mk d 
12 16 
4:22. Example. Evaluate 13 17 
12-46: | 1414 120512 44 Иш 121 412 |+] 12 4 
41:13: AT d на 49 depo CaS 36 и 13 4 


= 0+ [48—52] =—4. 
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А direct deduction of this property is a rule which is very often used to 
simplify calculations and is as follows : 
“If the constituents of any row (or column) are added to or subracted 
from the corresponding constitutents of any other row (or column) then 
the determinant remains unaltered. 

Note : While applying this rule, care must be taken to leave one row 
(or column) unaltered in one step. 


4:23. Determinants of third order : 


77 Just as a determinant of second order is а real;number corresponding 
оа2 х 2matrix, toa3 х 3 matrix of the type 


à by c 
аз by с 
ag by б; 


‚ corresponds a real number written as 


| ay b с | 
| 8: be € | 
| a, bs 
which is a determinant of third order representing the number 
а 2 a b, 
a 
ї “арай Ин 12 83 ы | 
ie, aj(b,c,—b;c;)—bj(a, 8-8, с) + сца, bs—ag by) ...... н (i) 
The rule of expansion being “start with a,, ignore the row and column 
passing through ац, then form the determinant ч e 
з ©з 


with the remaining members. The product of a, with this determinant 
constitutes the first term of the expansion (i) above. Form similarly the 
second and third terms of the expansion starting with b, and c, respec- 
tively. Attach +ve sign to the first and third terms, and —ve sign to the 
second term." It can be seen that the real number obtained by expand- 
ing the determinant starting with the constituents a}, а, аз of the first 


Permutations and Combinations, Binomial Theorem 153 


column (instead of the consitutents а, Dis Cy of the first row) with the 
same procedure as mentioned inthe rule of expansion above, is same 
as (i). For, then the expression obtained would be 


ї b. ug. b с, | | bh с, 
1 | Ba € | bs сз | | be Ca | 


i.e., &,(b, сз—с; ba)—a,(b; с,—с, ba) + as(b; c, —b, с). 


and on opening the brackets, exactly the same expression as in (i) is 
obtained. 


It is, therefore, immaterial whether a determinant of third order is 
expanded according to the elements of a row, or a column. The way of 
expansion for a particular problem is adopted in whichever way it is 
more convenient. 


Tt is left for the students to verify that all the properties of a deter- 
minant that have been proved for a determinant of second order hold 
for a determinant of third order. In fact all these properties hold for 
higher order determinants too, but we shall be interested only in 
second and third order determinants. 


4: 03:5415:3: 
Illustration : Evaluate | 4. 2 10 
eae уй 
ен T5154 
4172. 102] 22:2. ЕВ 
ев 3530318 


3 1 5 column to the first) 


0 —1 1 | (adding the second 
=4 
2 1:3 


= 4[0(3—5)—3(—3—1) + 2(-5-0] 
=4[12—12] = 0. 
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EXERCISE 
Find the value of x if 
| 
p.124 8 b 4 6 —8 
@) тех 5:17580: (0) 10 9 —x| =0. 
1—3 1 —2 DARTEN dx 


Verify without actual evaluation that the following determi- 
nants are equal. 


25 3005 д -1 x 
—1 0 к and 0 4 3 
ха а Е 


(Hint : change rows into columns and columns into rows.) 
Prove without actual evaluation that 


а Ко 
= а 
УД 


Determine the roots of the equation 


з —1 2 
die RANE 
1 —3 —2 
3 1 3 
2x2 2 
3 1 


= 0. 


- Without evaluating, prove that the value of each of the follow- 


ing determinants is zero. 


11:45:13 3. 1 —4 
Я тн б 2:528 
10 15 30 QR EDS ауа 
. Prove that if a + b с = 0. 
ax Бу Moz | м 
bz "exa EDO У 
cy az Brel | y РА x 
Show that | b+c a—c a—b 
b—c c+a b—a | = 8abc 
c—b c—a a4-b 
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8. Show that | 1 1 1 
2 1| (1-х) (x—2) (x43) 
x3 n 1j 
9. Show that | | a b+c 
1 b cca = 0 
1 c a+b 
10. Show that | 1 а а? 
1 b b| = (b—c) (с-а) (a—b) 
I о ^c 
11. Show that | (b+c)? а? а? 
bè (с-а)? p? | = 2 арс(8--0--07 
e c? (a+b)? 
ANSWERS 
21 | 4 
p sd bu 
т ® 5 
4. 2, —3. 


4:24. Laws of indices : 


While dealing with the addition of algebraic expressions in which 
the same number occurs repeatedly, we write the result of addition as 
the product of the quantity and the number of times it repeats itself. 


For example, 
3--3--3-43is4:3. ie. 12, and in general, 
atat+a-....+a,. (m times) is m.a. 


We now set out to express in a convenient manner the products in which 
a quantity repeats itself a number of times. 


Definition 1. If n is a positive integer, the product of n factors each 
equal to ‘a’ is represented by the symbol a* called the “nth power of 
a” or “a raised to n”. 
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That is, if nis a -- ус integer, then a. a. a. ....n times = а” 


In the symbol а”, a is called the base and n is called the exponent or the 
power. 


So, 2* = 2.2.2.2 = 16 
35 = 3-3-3-3-3 = 243 
107 = 10-10-10-10-10-10-10 = 10000000. 
This definition gives rise to the following theorems. 


Theorem 1: If aR then for any two positive integers m and n, 


amegn — gmtn, 

Proof : (by induction) : 

Let P(n) denote атча" = amtn 

then Р(1) is amal = ат+1 

Now, ат-а! = (araa......m times ) а 
= а-ата......(т-НГ) times. 
= amti, \ 


P(1) is true (0) 


Assume that P(r) is true. 
50 


ү amar = амт, 


Multiply both sides by a. 
os а”-аг-а = ад 


< am (а-а-а......г times), а ==(а°а-а......(т-Ег) times): a. 


a" .(a:a'a...(r2-1) times) = (агага...(1--г--1) times ) 
С. amanti = amtenl 


2. amartl — amt (nts): 
P(r--1) is true. 
Thus, PO implies P(r + 1) ....(ii) 


From (i) and (ii), P(n), that is the assertion а”-а"==ат+ is true for all 
positive integral values of n. 


In the above proof, m is kept constant, and n is allowed to assume 
any positive integral value. Exactly similarly, we may keep n constant 
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and allowing m to assume any positive integral value, prove the theorem. 
The theorem is therefore true for all -|-ve integral values of m and n. 
This result may be extended to any number of positive integral expo- 
nents, so that in general, 


amam ab ak... at == ат+в+#+4+ t, 


rem,n,pk...... 1 is each a postive integer. 
Examples : 
(1) 53.56 = (5:55) + (5*5-5*5) 

— y, 


RI | I d ИМ 
(ii) r^ 23 x-(z 


1 
дал 
юе 
юе 
—_— TN 


1 E 
Зэр tee 9 times. 


| 
7 
юе ы 
М è 
LJ 
t2 
, 
| 
кю 
=| = 
. 


Theorem 2: (a")* = ат"; aeR, m and n any positive integers. 
Proof : (а”)” = a" - a" - a" ......... n times. 


= т#тї#т n times. 
а 


= gan 


Example : (251 = 25. 23 . 23. 23 
== 289494343 
= 212 


= 2, 
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Theorem 3: (ab)" = a"b", aeR, beR and nis a -ve integer. 


Proof : (ab) = (a:b) (ab) (ab) ...... n times. 
= (а: ас а...п times) (5:5:5 ..... n times) 
= а". b”, 


Example : (45) = (4:5) (4-5) (4-5) 
= (4-4-4) (5:5-5) 
== 43. 53, 
Note that this is possible because associativity and commutativity 
in multiplication hold in the system of real numbers. 


Theorem 4: If аеК (a Æ 0) and m and n аге any two positive 
integers, then 


аз |) 1 
amc p эг 
L 1 ifm=n 
a" а-а-а .. .. ... m factors 
Proof : E 
юэ a" ad A lis н оао 


(i) if m>n then n factors each equal to ‘a’ will cancel out in 
numerator and denominator. Therefore the right side 
expression is reduced to a fraction in which the numerator 
contains the product of the number 'a' repeated m—n 
times and the denominator is 1. 
аа Hr: eee (m—n) factors 
vs ар TRE Ag 


= ann, 


(й) ifm<nthen m factors each equal to ‘а’ cancel out in 
numerator and denominator. The right/side expression 
is therefore reduced to a fraction in which the denominator 
is the product of ‘а’ repeated n—m times and the 
numerator is 1. 
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amu. 1 


a^ а-а-а ....(n—m) factors 
1 


an-m 


(Ш) ifm-n then 


am а” 


С 
а" а" 
Examples : 
o Z 2222:22:22 
оО ор! 
zm 
== 23°, i.e, 27-4 
E ете 0 kà 
(7 079 797952 298 08272 
1 1 
= 25 1. €. 28-5 
5 2:2-2-2 
2:52-2:2 


Ер 2 25 
Gi) -5-12 
1 


4-25. We have discussed above the laws of exponents when the 
exponent or index isa positive integer. Before extending the rules to all in- 
tegers, it is necessary that a meaning should be attached to a real number 
raised to an index other than a positive integer. For, all we understand 
at this stage about an expression like а* is the product of ‘а’ repeated 
m times and this is meaningful only when m is a + уе integer. If m is 
a —ve integer, there is no meaning in saying “the product of ‘a’ repeated 
m times”, for we cannot possibly multiply a number to itself a negative 
number of times. \ 

[e g.2 = 2-2. ....7 times is meaningful, but can you say 2-? = 2-2 
‚...(— 7) times? Obviously not, for the number of repetitions has got 
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to be a --ve integer.] We need to attach, therefore, a specific meaning to 
а” where m is either zero or a negative integer, and it should be a 
meaning correlating to that of definition 1, of art. 4-24. To this end we 
make the following definitions. 


Definition 2 : For any acR (a0) 


au 

Definition 3: For any aeR (а Æ 0) 
DUE 
= =, 


where n is any positive integer. 


With these definitions, the rules of exponents can now be extended 
{оће negative and zero exponents, as in the following theorem : 
Theorem 5 : For any а<В (a + 0) and any m,nel. 


(i) ата" = gmtn 


| (i) (ab)" = a" b^ 
х (1) (а”)" = ат» 
(iv) = = amn 
Proof : 


(1) (а) Ifm and nare +-уе integers, then 
aman = amt js already proved. 


(b) Let m be a +ve integer and n be a —ve 


integer 
Say n — — p where p is positive. 
Then аа" = am-an th= E == amb 


= amt(-4) = amtn 
(c) Let mand n be both —ve integers. 


Let m =—p, п =— 9, where p and д are +ve integers 
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Then а”-а” = a7? аг LI 
1 1 
bur tenere comen Lee 
The proofs of the other parts are left to the students as exercises. They 
can be obtained very easily by making use of the two definitions given 
above and Theorems 1 through 4 of the last article. $ 


Example 1: Simplify х by removing the negative and zero 


is 
exponents. - 
LOREM ла аж 
2х75у5 2 X y 
= 2 «х7-(:9 e y-3- (9 
вн. 
в 
Пе 
ЕС 


Example 23 Find the value o 3 ct 
PED y саас л 1 
(—1)5 • 35°. 2-4 
(—1)5+%93527.2-4-(-0 
(—1M • 3-2 o 25 


! 


= 1+ jy 02 


2 pep -а! 


1 
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4:26. We next proceed to discuss the laws of exponents when the 
indices are any rational numbers. We begin by making the following 
definition. S 


-Definition 4 : If n is a positive integer and a and b are any two 
numbers such that а” — b, then b is called the nth power of a, and a 
is called the nth root of b. 


Equivalently, we may say that any number a is called the nth root 
of b provided the nth power of a is b. 


For example, Since 3? = 9 that is, since the square of 3 is 9 therefore the 
square root of 9 is 3 (written as V9 = 3); also, since thesquare of —3 is 9 
therefore the square root of 9 is — 3 (written as V9 = — 3). Thus 3 
and — 3 are the two square roots of 9. 

Similarly since ( — 2)? = — 8 that is, since cube of —2 is —8, there- 
fore one cube root of —8 is — 2. (Is there any other cube root of —8?) 


It is obvious that if a* = b, then ‘a’ is one of the nth roots of ‘b’. 
There may be other nth roots of b; for, there may exist other numbers 
whose nth power equals b. In fact, though we shall not undertake it 
within the scope of the present discussion, it can be proved that if а” = b 
then b has n distinct roots (some of which may be outside the system of 
real numbers). It is deemed convenient, therefore, to decide to attach a 
particular meaning to the notation we shall shortly adopt for a root. 
With this view, we define the principal nth root. 


Definition 5 : The principal nth root of a positive number is the posi- 
tive root of the number. The principal nth root of a — уе number is 
its —ve root if n is odd. If n is even, the principal nth root of a — ve 
number is undefined within the system of real numbers. 


Throughout the discussion made hereafter the notation '4/ b will 
standfor the principal nth root of b, and unless otherwise specifically 
stated, the nth root of b will mean the principal nth root of b. Thus, 
4/16 = 2 (not —2, though (--2) is also equal to 16). Also, the square 
root of any number b will be written as Vb. The symbol v {3 called 

а radical. If ў = a th en n is called the index of a (for it is the power 
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or exponent of a). n is also sometimes called the index of the radical; 
b is called the radicand of the radical. Before stating finally the rules 
of exponents in rational numbers, one more definition is in order. 


Definition 6. А дё" root of b is written as bYe and we define it. 
such that (Ьу) = 65%. 


By this definition and the notation already adopted, we now have 
| 


bela = (Беу: = 4/58 


19 

and also, bé = (bise = (85) 2 
m NP 
So that 9/58 = (зв) 


4-27. With this notion ofa fractional index, we are now equipped 
to state the laws of exponents for rational numbers in the form of the 
following theorem: 


Theorem 6 : For any aeR and any rational numbers m and n, 
( i) am.g" == amtn, 

(ii) (ab) = a" b» 

(iii) (ат) = am» 


а” Y 
(iv) PU " 


Proof: (i) a".a» = am*n, 


Саве 1: Ifm апа п are integers then the rulestands by the previous 
discussion. 


Case II: Let m be a proper fraction (that is a fraction which is 
a ratio of two integers, and which cannot be reduced to an integer) and 
n an integer. 


Letm = а , where p and а are integers and а + 0. 
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аа” = able. an 
танан) = (аан 
= [(aU/2)5.a") а (from def. 6) 
= (а) „ата Р 
24 
=a? ean 
4 

= ab "a 


= atna (fromthe law of exponents for integers.) 


= (abtna)ia 


` prng 
sa = 


== ablatn 


= antn, 
CasejllI : Let m and n be proper fractions. 


Let m — 4 and n = 2 where р, q, r, s are integers and а 40, 
3-0. А 


Let К be ће Г. C. M of а and s so that К is divisible by q as well 
asis, and assume that К = bq and К = cs where b and c are integers. 
а.а» = able.arís 
2. (aman)? = (аа) 
= [(a!o)e. (ato р 
= (а/а), (als)rk 


‚. am,an = (аёд,агсууй 
= (аёо+ғсуув 
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j 44:18. с 
IH) Сее) 


= ат+п, 


АП the other laws of the theorem can similarly be proved and are left 
as exercises to the students. 


4:28. Surds: We have already seen that the nth root of any 
real number b is called a radical of b of п? order. It may so happen that 
the real number b cannot be expressed as the п power of any rational 
number, but is the n‘ power of an irrational number. Then, the n* root 
of b isan irrational number. In such a case, the radical is called a surd. 

If the radical is of order two, the surd is called quadratic; if the 
radical is of order three, the surd is called cubic and so on. 


eg. 45 isa quadratic surd. 
X7 isa cubic surd. 
X/9 is a quartic surd. 


Pure and mixed Surds : 

A surd consisting wholly of an irrational number is called a pure 
surd, and а surd consisting of a rational and an irrational number is 
called a mixed surd. $2 

eg. V2, 43, 49 is each a pure surd. 24-У3, 34/7, 83/10 
are mixed surds. The laws of radicals follow directly from the pre- 
vious definitions and theorems and are as following : 


If m and n are positive integers, then 


1. (Var =a 
2. yab = (4а) (Wb) 
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шо 
4 WYa = "fa 


Illustrations : 


CR: 136 
(1) 036 + #48 = У 
ГЕ 
23 #4 
зү 4/169 x 1 4169 ха 
(1) 2 a УС 


V169 Ух #2 


K y 
2 EZ х Je х NE 


Ах ух ХЕ 
y 


OVI X ag x Via 
y 
SUMA XxXVxx V. 
у 


SN 133% 
y 


4:29. A radical is said to be in its simplest form provided it 
contains : 
(i) the smallest possible index of the radical 
(1) no fraction in the radicand 


(iii) no factors which are perfect n^ powers (in a radical of 
n order) as a factor of, or whole of the radicand. 
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Illustration: Express si 169 xt 2 in its simplest form 
y 


4/169 хе f 169x'2 үл 
Ут я y 
2» (132)/4 (ху (хз) (22) 
„CD aI m a 
E (13)/*- x xit. 733 
3 y 


(13 x zu? 


23 

у 
шо2Э/1832 

¥ 


4-30. Addition and subtraction of radicals : 


In addition or subtraction of radicals, each radical is first reduced 
in its simplest form and then terms with similar radicals are combined 


into a single radical. 


Illustration: 
8/1 + 3.108 — 49° 
V + БААС: v9 


|^, 3 3.4630. 
-3(5) + 2 (3-37 — (Зу? 
+ 


-8 ES z «(ул (35 (3) — 32 
8 3 з 
-75;*32 3. V3- 39 
8 = 
8 
= у + (9—1) 43. 
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8 dt 
TUS T S Из 


= (ур + vr) 
- (1+ 43) з 


v3 


AUR) 


4:31. Multiplication and division of radicals : 


In multiplication and division of radicals, if the radicals have the 
same index, then the use of the laws of exponents gives the result directly. 
if, however, the radicals have different indices, then they must be reduced 
fo radicals of thc same index a nd then the laws of exponents are to be 
used. ` 


Illustration 1 : 
(V5+2V3) (V5—3V3) 
= М5 М5—3/ 53453 LV 5 V3 — 2.3 V3V3 
-5-3У15--24 [5 — 6:3 
Eus 1. 13 
Illustration 2 : 
Divide 4/4 by Vg 
V4 М8 = 408 gy 
А ВГ LoMof2and3is6 1 
= (16)/* + (512) 
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1/6 1/6 
“(эку ТЕ 
Illustration 3. 


Multiply 3: 4 5. by 2-72 
343 x243 2 3xsix 2x OF 


= 6x (9)Үїйх (22У3С-1:С.М. of 4an 
. 6 is 12) 


= 6 * 025) хай 


E (125 хен. 5 
( ) PARU EN 
1 , ы 4 7, 
6 x (500) > 2 


| 


i УА ч 
= 6 J500 f. / : А \ 
4-32. Theorem : : 4] = J 
Ifa-- p = x+ yy where a and X are rational nianabets 
and уБ and yy are irrational, then а = x and b = 77, PEOI ий 
Se 227 А 


Proof : 
at Vpn Sra vy 
(а—х) + уБ = Уу · Square both sides . 
(а — х) -Ъ4-2уБ @-» = 
2/5 (8-3) = у (8—0)? · 


The left hand side expression is irrational and the right hand side expres- 
sion is rational. Hence, unless the coefficient of Vb on L.H.S is zero’ 
we must have an irrational quantity equal to a rational one, which is 
impossible. Therefore, the coefficient of уБ must be zero. 


2(a—x) = 0 
а = х 
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So, from a+ Wp, + Му 
we have Ь=у 
Definition : 
The expressions a + \/Б` and a—4/B. is each said to be the con- 
jugate of the other. The following three results follow directly : 


(1) The sum of two conjugate surds is: rational. 
For, (a+ уБ) + (à — vp) = 2a and 2a is rational. 


(2) The product of two conjugate surds is rational. 
For, (a+ Vb )(a— Vb ) = a*— b anditiis rational. 
(3 Ifa-F4/b — x 4- wy, then à — yb = x — yy. For, 


if а + уБ — x + yy, then by the last theorem, a — x and b — y 
го that a — yb = x — Vy. 


4:33. To find the square root of a + УЬ where Vb is a surd. 
ALES маке Му. 

Squaring both sides, 

at+Vb=x+y+2V xy 


Now, since УБ is a surd, using the result of art. 4:32, we have 
х-у-а se (1) 


and 2/xy = Vb so that 4xy = b, 


(к—у)% = (x + у)*—4ху. 
= a*—b. 


ХУ Vatsbs. (2) (considering only the principal root) 
Adding (1) and (2) 


х=] fa S vae) 
Subtracting (2) from (1), 
y- ; { а-У sb 
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so mat [ak vb = ама + faa vat 


EXERCISE 
Simplify: 
1. ax 2, x a13 x (aui)-* . 
2. 30а x ¥ (b) (а) 
3 4000 а ISTE 
4 544 = 22 
5. (хут 525) х зум) 
130) 2 Ns 


Jay Их 
Gi) мав? -—– ab. 


1 
b сү € atb\~— 
Ge") ох a j (2 es : 


Prove theorem 2 of Art. 4:24 Бу the method of induction. 
Prove thorem 4 of Art. 4-24 by the method of induction. 
Multiply: 

34/5 —4 4/2 by 24/5 4- 34/2 

v2 Уз by 4A 

№2 + М3 by УЗ + V5 

V2 + 24/3 + V1 by V2 + 2V3 — T 

Divide: 

\/а Ws p 6-8 by Уаз ас 

(24 а? b)/ by YS аб? 
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17. 
18. 


19: 


20. 


al, 


22; 


23. 


24. 


25. 
26. 


27. 


28. 
29. 


30. 


An Introduction to Modern Mathemasitc 


Simplify : 
V9 (a*--2b) + 2/36 (a? + 2b) — 3416 (а? -- 2b) 
4/8 + 5V2—2434 


Ap pel e 
V + 30/71 — УЗ 


8 4/3 — 14 4/12 + 10 4/5 — V 
Rationalize the denominator of : 


37-41 
25 — үз 


: 1 . y3 урхаг ; 
xi — уз [ Hint: о (Hes | 


(2+ V3) 
(4/5—4/3) 


"МЮ уЗ 


V3 + У10 — 5 
1 
Show that, 

МЫ LEE 22:30 
А/12 —4/140 Аё ЖЫЛ лба C 
Simplify: E 
V3*42. _ 3—2 
VZ+ ү2 + УЗ y2— «2-43 


Find the square root of each of the following: 


28 — 54/12 
17 — 1242 
2+ УЗ 


2 
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ANSWERS 


5 = 
64/ a 
аз Ыз 
4804/3. 

5 122 
oh 42 


24/3. 
34-6 VIS T VIU 
7-4У6 
.а 
Уза 
b 
3 Va + 2b 
142. 
324/3- 


——— 


3 
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20. 54/2 —204/3- 


м. тг (9У3542У5 varevi ) 


» 3t л 
х-у 
з. 2Vgct Vis 43 уз +3 
2 
54 3 V30 + SVI5 — 12 — 10/737 
УЗ туз ул. 
25, 2V3 4342 -430 
i2 
нь о 
о 
28. 5—/3- 
29. 3—2/2- 
и 


CHAPTER FIVE 


Functions 


5.1. In chapter 2, art. 2-22 the idea of Ordered pairs has been 
introduced and discussed to some extent. We shall now see how this 
notion of ordered pairs is used to combine two sets А and B resulting 
in the formation of a particular type of set called the Cartesian 
product set. 


Consider the two sets A — (2, 5,9) and B = {3,4}. Let us form 
ordered pairs, with the order that the first component should be an 
element of А and the second component should be an element of B. 
We can form the pairs as follows : 


73—2 (2, 3) Z 3 — (5,33) 
5 5 
М x 
\4—— (2, 4) \4— (5, 4) 
Z 3 —> (9, 3) 
$ 
х, 4 —- (9, 4) 


Thus, since there are two elements in B, two ordered pairs each are 
formed by associating an élement of A with every element of B. This 
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being done with each of the three elements of A, the total number of 
ordered pairs is 3 x 2 — 6 (Compare with the multiplication principle 
chapter 4,). Since an ordered pair can be looked upon as an entity or 
element it is possible to think of a set with these six pairs as elements. 
The set so formed is denoted by А x B (read A cross B) and is called 
the Cartesian product set of А and B. In this example therefore, 


Ахв={0, 3), (2, 4), (5, 3), (5, 4), (9, 3), (9,4) ) 
The number of elements in this set being 6, we have 
n(A x B) — n(A) x n(B). 


Take another example. If C = { «, В} and D —(9,b,3) then 
the ordered pairs with similar order as above, namely that “һе first 
component is an element of C and the second component is an element 
of D" are formed as following : 


/9— (89) 79--»(,9) 
<—>+b—+(«,b) -5-э0,5 
$E N3— 0.3) 


Thus CX D = {( 5,9), (<, b), (<, 3), (В, 9) (B, b), (B, 3) } 
3 Note that the number of elements (i.e ordered pairs) in C x D 


is equal to 2 x 3 — 6, that is, the product of the number of elements 
inAandB. .. n(Cx D) = n(C). n(D). 


Definition : For any two sets A and B, the set of all ordered pairs 
(x, y) where xeA and уе B, is called the Cartesian product set (or simply, 
the product set) of A and B and is denoted by A х B. 


So A x B = ( (х, y) / xeA and yeB }. 
If the number of elements in А and B are m and p respectively, 
“hen by the multiplication principle, the number of elements in A x B 
will be mp. 


ie. n(A x B) = n(A): n(B). 
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5.2. The Cartesian product isa binary operation. Just as union (U) 
and intersection (П) in sets are operations which combine any two sets 
to produce a resultant set, the product (х) as defined above is an opera- 
tion that combines any two sets to give out a resultant set, its elements 
being ordered pairs. 


If thesets A and B are equal, each denoted by A, then the Cartesian 
product set A x A is formed by pairing off each element of A with every 
element of itself. e. g. Let A = (c, X, A } then, all possible ordered 
pairs for A x A are obtained as, 


Мо —-> (0) Гс —>(«,9) 
2) 
o——> — > (0, x) «—-«—-—(« x) 


УЛ = (9, A) p MENSIS ЭЭ, 


/Z9—(A,7) 
A — «—-(A^, x) 
N A—> (А, А) 


АХА= (n) (05%) (е, A) (G0) (5, <} (% А) 
CA) CA X CAs AD) 
The number of elements being 3:3— 9. In general, for any set A, 
АХА= { (х,у)| хвА, yeA} 
5-3 The cartesian product is non-commutative. Consider the sets 
А = { «,p) and В = (3, 2, 0) 
A x B—((5,3), (5,2), (50) (B, 3), (В, 2), (B, 0) 
and B x А = { (3, «), (3, В), (2, <) (2, В), (0, <), (0, D) 
={(3, <), 0, <), (0, <), (3, В), (2, В), 0, В)} 
So that Ax BABXA 
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Note that the number of elements in AXB 
— (number of elements in A) (number of elements in B) 
= 2:3 = 6. 


and, number of elements inBxA 
= (number of elements in B) (number of elements in A) 
= 3:26. 


In general, ША x B) = n(A). n(B) and 
n(B x А) = n(B). n(A) 
^A x B) = n(B x A) although 
АхВ#ВхА 


(Willit be so if ordinary multiplication in integers were non-commutative ?) 
Thus, the number of elements in A x B is equal to the number of 
elements in B x A, but the two product sets do not contain identical 
elements and therefore are unequal themselves. 

Note that the set B x A could have been written by merely interchanging 
the positions of the components in each ordered pair of A x B. This 
is so because 


АХВ = ((x y) / xeA, and yeB, j 
and ВХА = (ty, x) / yeB and хєл } 


If however, А = B then A x B and B x A is each equal to A X А 
and hence are equal. In fact, A X B — B х A if and only if A — B. 


5-4, Graph of Cartesian Product Set : 


In chapter 2, we have seen that in a plane can be fixed a reference 
frame (preferably, though not necessarily, the rectangular Cartesian frame) 
by choosing a fixed pt. О as origin and two fixed lines through O called 
the axis of x (the horizontal line) and the axis of y (the vertical line) as 
the axes of reference. Any ordered pair of real numbers can then be 
represented as a point in the plane and conversely, each point in the 
plane corresponds to one and only one ordered pair of real numbers. 

Since a Cartesian product set A x В isa set of ordered pairs and since 
each ordered pair can be represented geometrically by a point in the 
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| 


Cartesian plane, the set А x B itself can be geometrically reprsented as. 
a set of points. 


Example 1. Let A — (1, 3), B — (2, 4, 5) 
Then A x B = {(1 2), (1, 4), (1, 5), (3, 2, (3, 4), (3, 59). 


Take a fixed point О as origin and two fixed perpendicular lines 
through 2) аз the axes, the horizontal line being the axis of x and the 
vertical line being the axis of y. Represent on each line the numbers 


5 E SEINTE: Ne 
n П 
(3,4 
зше 04 
) | 
! | 
3 П M 
i ү, 
», Ч м: 
: планы 2) 


9 1 a 3 323715 
LI п Ё 
x80) Bxa GU 


1, 2, 3.... by successive points at equal intervals, Then the ordered pair 
(1, 2) is represented as in the figure (i), by the point P, and similarly each 
ordered paire is represented by one and only one point in the plane. The 
geometrical representation of the set A x B is therefore the set of 
points Ру, Pa, Рз, Pa, Ps, Pg, and appears pictorially as in the figure (i) 
shown above. The set of points { Py, Po, Рз, Ра, Ps, Ps } 

is called the graph of the Cartesian product set A x B. 


The graph of B x A can be drawn in an exactly similar manner 
and in this example, it looks as in figure (ii). : 
Since B x А = {(2, 1), (2, 3), (4, 1), (4, 3), (5, 1), (5, 3)}, 
the graph of B x A is the set of points Оз, Qs, Оз, Qu, Qs, Ов. 

Note that the graph of A х B looks quite different from the 
graph of BXA though the number of points in each graph is the same. 
This is to be expected since A x B +В X A, although 


n(A x B) — n(B x A) 
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Example 2. Let A = (0, 2, 3} 

Then А x А = { (0,0), (0, 2), (0, 3) (2,0), (2,2) (2 3), (3, 0), 
ў (3, 2), (3, 3)}- ў 

So that the graph of A х А can be plotted thus : 


The graph of A x А is the set (P, Pa, Pi Pas Ры Вы Pr Вы Pod, 1 
contains nine points as its elements. 


In the examples above, notice that in each case the horizontal line 15 
associated with that set from which the first components are selected 
and the vertical line is associated with that set from. which the second 
components are chosen. 


5:5. Correspondences and Functions : 


The idea of an association between the elements of two sets i$ of 
fundamental significance in every branch of mathematics. If the elements 
of two sets can be brought under some matching (also called association 
or correspondence) the scope for the comparative study of many of the 
properties of the sets is widened considerably. For two such 5615, knowing 
the properties of one of them many of the properties of the other can be 
deduced. Before discussing the various types of, and restrictions оп, 
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different associations between the elements of two given sets, let us con- 
sider a few examples. 


Example 1. Let A — ( Copper, Silver, Gold, Iron, Antimony ) 
в = {Cu Аь Aw Fo №} 
The elements in the set B are the chemical symbols for the corres- 
ponding metals which constitute the elements of the set A. The match- 
ing or association between the elements of these sets is 


Copper Silver Gold Tron Antimony 
1 | 
Cu Ag Au Fe Sb 


provided the matching is done with the idea “Is the chemical symbol 
of” in mind. Here, one metal corresponds to one and only one symbol 
and conversely. Such an association is called a “опе to one correspon- 
dence.” ) 


Example 2. Suppose you are given the words : 
good, virtue, long, beautiful, 
and you are asked to write the opposite of each. 
Your answer will be 
bad, vice, short, ugly. 
Thus the question set 


A= { good, virtue, long, beautiful) gives 1182 to the answer set 


В = { Бай, vice, short, ugly ). 


Each word in A has one and only one opposite which is an element of 
B. The elements of А can thus be corresponded to the elements of B 
with the idea *'is the opposite of" in mind and the correspondence is 


again one to one. 


Example 3: Let A be the set of three boys Madhu, Arun, Rumy 
and suppose Madhu possesses three kites, red, white and green (denote 
them by r, w, g), Arun possesses one kite coloured blue (denote it by b) 
and Rumy possesses two kites coloured violet and yellow (denote by 
v, y). Let B be the set of these kites. ' 
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Thus А = (Madhu, Arun, Коту} 


В = (nw,g5b vy) 


The elements of А may be matched with the elements of B with the idea 
that a boy is associated to the kites he possesses. The correspondence 
will be as shown below : 


Madhu Arun Rumy 
YIN Y YN 
rw g b : v y 


In this correspondence, an element of the set A is matched with one or 
more elements of theset B. 


Example 4: Let A be;the set of girls Soni, Reena, Smita, Meena 
and B be the set of mangoes, apples, and oranges. 
Thus, A= {Soni, Reena, Smita, Meena ) 
В = {mangoes, apples, oranges) 
Suppose Soni likes mangoes, Meena likes oranges, Reena likes apples 
and Smita likes none of these fruits. If the matching between the ele- 


ments of the two sets is made so as to associate a girl with the fruit she 
likes, then the correspondence;may be shown as below : 
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In this association one of the elements of A (namely Smita) is left out of 
the correpondence. 


Example 5. Let A = (Jawaharlal, Aurangajeb, Dara, 
Suja, Rama, Laxman, Abhimanyu) 
and B = {Shahajehan, Motilal, Dashrath, Arjun} 
Then with the idea “ап element of B is the father of an element 
(may be more than one) of A", the matching may be brought about in 
the following manner : 


Jawaharlal Aurangajeb Dara Suja 
V + 
Motilal Shahjehan А 
Rama Laxman Abhimanyu 
х d 
Dasharath Arjun 


In this correspondence, more than one element of А may correspond 
to the same element of B, but not so conversely for a son cannot have 
more than one father although a father can have more than one son. 
Thus here the corespondence is many—one from A to В but not so 


from B to A. : 


Example 6 : Consider the sets А = {a,b,c, d, e} 
and В = (1, m, 0, } and the matching between the elements of 
the two sets as shown by the following figure : 


M 
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This again is a many one correspondence from A io B and can be 
stated as “сасһ element of A is associated to one and only one element 
of B". Here also, the converse of the rule of statement is not true for all 
elements of B. 

Each of the examples given above is an illustration of a correspon- 
dence. In examples 1 and 2 the correspondence is such that each element 
of A is matched with one and only one element of B and conversely. In 
example 3 each element of A is associated to one or more elements of B. 
This is called a one many correspondence. In example 4, one of the 
elements of A is left out of the matching. In example 5, one or more 
elements of A is associated to one element of B and no element of А is 
left out of matching. The same is the case with example 6. 

We wish to study in some detail the associations which avoid 
the cases occurring in examples 3 and 4. Such a correspondence, in which 
anyone many matching is ruled out, and there does not exist any 
element of A which is left out of the correspondence, is called a “fun 
ction” or a “mapping”. We state the same notion in different words 
to make the following definition. 


Definition :—If with each element of a set A is associated under 
a rule f one and only one element of another set B then this corres- 
pondence or rule f is called a function of A to B. It is written as 
f: A + B (read "f is a mapping or a function of A to B or A into B"). 

Note that (1) A function is a one way pairing process. An element of 
B may or may not be associated to any element of A. But each element 
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of A must be associated to some element of B. For example, see example 
6 above. The element neB has no association. 


(ii) If an element of B does have an association, it may be asso- 
ciated to one or more elements of A. In example 6 above, the element 
m is associated to four elementsa, b, c, and e of A and the element 1 is 
associated to only one element d. (iii) One element of A can not have 
two (or more) elements of B associated to it. y 


Verify that the examples 1, 2, 5, 6 given above are functions and 
also that the examples 3, 4 are not. 


Illustrations : 

(i) LetA = (2, 3,5}, В = {4, 6, 9, 12) and f be a tule which 
associates an element of A to a number which is double of that element. 
Then 2 in A will be associated to 4 in B, 3 in A will be associated to 6 
in B, 5 in A should be associated to 10, but 10 is not in B. Therefore 5 
has no association under f in B. Hence f is not a function. Pictorially, 
it can be seen’that under the rule f, one element of A (namely 5) 8 


left out. For a mapping, each element of А should correspond to an 
element of B. Hence f is not a mapping. 
(2) The following diagramis not a mapping. For, the element « of 


A is associated to two elements of B which is not allowed in mapping. 
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a mapping. Hence this correspondence is a function. 
(4) Let f be a matching between elements of А and B which 


associates an element хєА to an element yeB given by the following 
tables. Find in each case whether f is a function of A to B. 


(0 


This is a function. Pictorially it can be represented as: 
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Every element of А has one and not more than one associate from B. 


(iii) 


(v) 


This is not a function of A to В. Why? 
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5:6. Object, Image, Domain, Codomain and Range : 


Let f be a mapping of A to B. We make the following definitions : 


(1) Object: Any element of A is called an object of f. Thus in 


example 6 of article 5:5, the objects of f are авс d; e. 


(2) Image: Ifan clement of B has an association under f, then 
it is called the image of that object (or objects) under f to which it is 
associated. It is also sometimes called the value of the function f for 
the corresponding object. 


If x is an element of A then its value or image under f is denoted by 


f(x). 


Thus, in the last article, 


In example 1. 


Cu is 
Ag is 
Au is 
Pe. is 
Sb is 


image 
image 
image 
image 
image 


of copper 

of silver | under the function or rule 548 
of Gold + Ще chemical symbol of”. 

of Iron 


of Antimony 


We may also write f(copper) — Cu., f(silver) = Ag, etc., where f is 
the function from A to B. 


In example 5, 


Motilal is the image of Jawaharlal 
Shahjehan is the image of Г Dara 


Dashrath is the image of | Каша 


j 
Suja у | 
Aurangajeb | under the function 

| “is the father of”. 


Laxman 


Arjun is the image of Abhimanyu 
ПЕ: А-В, we may also write f (Jawaharlal) = Motilal, f (Dara) =Shaha- 


jehan etc. 


In example 6, if f is the function of A to B, as shown in the diagram, 
the images under f are : 


D 
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m is the image of 


| 


E 


a 
b 
с 
е 
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; we also write it as 
Ка) = m; f(b) = m, 
Кс) = m, f(e) = m. 


118 the image of d which is also written as 1 —f(d). 


| Write down the images of the corresponding objects in example 2. 


(3) Domain: If f; A >В then the set А is called the domain 


of the function f. 


In art 5:5, ex. 6, the domain is { a, b, c, d, e). Find the domains in 
the other examples. Domain of a function f is generally denoted by D(f). 


(4) Codomain : ИГ: A > В then the set B is called the codomain 


of f. 


(5) Range: The set of all the images under f is called the range 
of the function f . The range of f is generally denoted by R(f). It is also 


sometimes denoted by f(A). 


Inart 5: 5, the range in ех(1) is (Cu, Ag, Fe, Sb); in ex (6), the range 
is (m, |}. What are the ranges in exs 2 and 5? 


Note that for any function f : А - B, КА) C B. 


In the concept of a function, there are three important parts: the domain 
(or the set of x values), the range (or the set of y values) and the rule or - 


elements y. 


' orrespondence which associates the elements x with the corresponding 


A function, therefore, is completely known when these three things 
are known. In practice, however, it is found that it is sufficient if we know 
the domain and the rule of association. For, the image of each object 
(and hence the range) can be obtained from the given rule. The domain 
of definition and the rule of correspondence must be specified in each 
case. Throughout the discussion that follows, unless otherwise stated, 
we shall always assume that the domain of definition is В, the set of 


real numbers. 


The rule of correspondence for a function f may be denoted in various 


ways. 
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е. g. (i) f : x > 2x—3 means the image of the element x is the element 
2x—3, so that image of 2 is 2-2 —3 = 1. i.e, Қ) = 1 

Similarly, (5) = 2:5—3 = 7, f(—1) = 2(-1) —3 = —5. Sucha 
representation may also be termed аз: “the function f takes x te 
2x — 3". 

(1) f(x) = 2x. This means, the image of the element x is given by 
2х, so that image of 5 is 2:5 = 10, i.e. f(5) = 10; image of —4 is 
2(—4) = —8.i.e. (—4) = —8and soon. 

(ii) Instead of f(x), sometimes the symbol y is used to denote the 
image. Thus f : [+ — I; y = x —5 means f is a function from the set of 
-+-ve integers to the set of all integers given by the rule y = x—5, that 


is, f(x) = х—5. In such a representation, x always stands for the general 
object, and y for the corresponding image. 


5.7. Special kinds of functions : 


(i) One—One mapping: Letf: А-В; also let the range of f be 
denoted by КА). fis said to be a one-one mapping if and only if an 
element of f(A) is the image of only one element of A. 


Example 1: Letf: A — B, the rule of association being given by 
the following diagram. 


A 


Here, each element in the range ( x, t, 2) is the image of only one 
object. Hence this is a one-one mapping. 


Example 2. Let f: А-В, where A = (2, 3, 4j and 
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B —(5, 6, 7, 9, 11, 12, 15, 16}. Also let the rule of BEP дерсе 
be f (x) — 3x, xeA. 

Then, f(2) = 6, 3) = 9, f(4) = 12, so that. the range is (6, 9, 12). 
Each element in this range is the image of only one object. 


Therefore f їз а one-one mapping. 


Example 3. Let f: = 1, the rule of correspondence being 
y — 2x. In other words, f: x > 2х, x elt. This is a one-one mapping. 
For any two different objects x, and х, (хү «lt, хе! +) will} have as their 
images, 2X, and 2х, respectively which will not be equal. 


Example 4: Let f:A > B and the association be given;by the 
following diagram. Then the range is (r, x, р, }. Тһе elements r and 


p are the images of one object each, but the element « is the image of 
two objects 2 and B. Therefore the correspondence f is not one-one. 
In article 5:5, exs. 1, 2, are examples of one-one mappings. The functions 
defined in exs. 5, 6 are not one-one. Why? 

(2) Onto mapping : Letf: A > B. Then fis called an onto mapping 
if and only if each element of B occurs as the image of at least one element 
of A. 

So, if f : A >В is. an onto mapping, then each element of B is 
in the range. Therefore the range is the whole set B. That 18, f(A) — B. 


' [n art. 5:5, exs. 1, 2, are examples of onto mappings (in addition to being 


one-one); ex. 5 is onto (though not one-one) and ex. 6 is not onto (not 
опе-опе either). 
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If a mapping is not onto, then there should be some element of the 
codomain which is not in the range, that is, which does not occur as the 
image of any object. 


A mapping may be one-one or onto, neither or both. Given below 
are some illustrative examples with pictorial representations. In each of 
them, Г: A > B. 


Example 1: 


This association is one-one but not onto. It is onc-one because each, 
element of the range (0, «<, В} is the image of only one object. It is 
not onto because the elements 9, 10, r, 4, 3 of the codomain are not asso- 
ciated to any element of A. 


Example 2: 


This association is onto but not опе-опе. It is onto because the range 
(3) is the same as the codomain B. It is not one-one because the ele- 
ment 3 is the image of three objects 2, a, b. 
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Example 3 : 


This association is neither one-one nor onto. И is not one-one because 
the element 3 is the image of x and b, i.e., of more than one object. It is 


not onto because the element 4 of the codomain is not the image of any 
object. Ў 


Example 4: 


This association is one-one and onto. State why. 


Note that the number of elements in A and B are equal, but the sets are 
not equal; i.e., n(A) = n(B) but А + В. 


Construct examples of functions like ex. 4 above which are one-one 
and onto. What similarity do you observe in all these functions? - 


Obviously,'a опе-опе and onto mapping cannot be established bet- 
ween the elements of two finite sets A and B unless the number of ele- 
ments in the two sets are same, that is n(A) — n(B). This fact, namely 
that “а one-one and onto mapping existing between two sets means the 
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number of elements in them are equal," is very important in the process 
of matching. Turn back now to Chapter I, article 1-25, and re-read the 
equivalence class concept. You will find that two sets are equivalent if 
and only if a one-one and onto mapping can be set up between the ele- 
ments of the sets. Also, all those sets, between any two of which can be 
set up a one-one and onto mapping, have the same cardinal number. 

A one-one and onto mapping is sometimes called a one-one corres- 
pondence. 


5.8. Consider f : А — B. given by the following diagram : 


A 


Since f is a function, its domain and the rule of correspondence must 
be known. The domain is the set A = { a, 2, «< }. What is the rule of 
correspondence? We can only say that “the rule of correspondence is 
that which takes a to 3, 2 to D, and « to 3". It would be simpler if we 
said, “the rule is that which forms the ordered pairs (a, 3), (2, В), 
(<, 3)". These three ordered pairs completely define the function. Given 
the function f in terms of these ordered pairs, a separate mention need 
not be made about its domain. In other words, we can look upon the 
function f as made up of these three ordered pairs. The function f, there- 
fore, can be said to be the set!of these ordered pairs, so that f = { (a, 3), 
0, B. (<, 39). 

Take another example. Turn back to example 2 of article 5-5. 
Under the rule of association (which we now call a function) “15 
the opposite of", the word “virtue” has as its image the word “vice”. 
The element “virtue” of the domain A therefore goes with the element 
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“vice” of the range B and with none other. Under this association, 
therefore, “virtue” can be paired off with “усе” and we can think of 
the ordered pair (virtue, vice) under the order “Is the opposite of". 
The other ordered pairs of the same association in this example are (good, 
bad), (long, short), (beautiful, ugly). The rule or the function “15 the 
opposite of” connecting the elements of these two sets, instead of being 
expressed in these words, could have been expressed in terms of the 
ordered pairs (virtue, vice), (good, bad), (long, short), (beautiful, ugly). 
So, these ordered pairs themselves are sufficient to represent the asso- 
ciation or function in this case. Thus, the function can be expressed as 
f = ((Virtue, vice), (good, bad) (long, short), (beautiful, ugly) }. 


In general, any function f of a set A to anotherset B is the set of 
ordered pairs formed with an element of A as the first component and an 
element of B asthe second component undera rule of association which 
pairs off each element of A with one and only one element of B. It is 
this rule which distinguishes a function f of A to B, from the Cartesian 
product set A х B. Actually, a function f of A to B is always a subset of 
А x B. i.e., f C A x B. This idea will be clearer by the following examples. 


Example 1: Let А = { 2, 4}. В = (0,9); and f : A— B be given 
by the following diagram. 


here, f = {(2, 9), (4, 9) 
and Ax B = ((2, 9), (2, 0), (4, 9), (4, 0)} 
So that fc AXB. 
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Example 2: Let А = (x; y}, В = { <x, B, г}; and f: A>B 
be given by the following diagram: 


Pam сш 


— еге, Ё = {(x, г), (у, «)) whereas 
АХВ = (x, x), (x, В), (х, г), (у, «), (у, В) (У, г) } 
So that fc Ах B. 


А 


Example 3: Let A = {1, 3}, В = (3, 9} and f : A + B where 
f is given by;the rule “Is the. triple of" or, in other words, f : x — 3x. 
Then the pairs formed under this rule are (1, 3), (3, 9) so that 


f = { (1, 3), (3, 9) ) whereas 
АСВ = 001,3), (1, 9), (3, 3), (3, 9} 
ОС АХ В, 


Example 4: Let A={ X,a} В = (v) and f:A >B be 
the rule of association given by the diagram: 


DOE 


^ B 


here, f = { (x, 9$), (a, ф)} 
and AXB = {( x, $), (а, 99) 
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Thus f — A x B. 
In any case therefore, f C A х B. 


5.9. Graph of a function : 


After realising that a function f of any set A to another set B, is 
nothing buta set of ordered pairs, and knowing as we do, that any 
ordered pair of real numbers can be interpreted geometrically under a 
suitable reference frame, the most natural curiosity raised is whether f 
can be interpreted geometrically. The answer is obviously in the 
affirmative, for we know that we can lay down every ordered pair geome- 
trically as a point in the co-ordinate plane, and f being a set of ordered 
pairs, will be represented geometrically by the set of all such points 
which the ordered pairs correspond to. Let us consider a few examples. 


Example 1. Letf: A— B where А = {2,0,1}, В = {2, 0,4} 
and the rule of correspondence is f(x) — 2x. Then f(2) — 4, f(0) — 0, 
f(1) = 2. The function f therefore is made up of the pairs (2, 4), (0, 0), 
(1, 2). Thus, f = { (2, 4), (0, 0,), (1, 2) ). In the rectangular Cartesian 
frame of reference, these ordered pairs are represented by the points 
Ру, АРЫ Ру. 5 


Ч 753252 ae оа шэн Av wn gia E 


23 Р) 
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Тһе graph of f is therefore the set of points {P}, Pa, P,.) Draw the graph 
{the product set A x B and observe pictorially that fS A х B. 

Example 2. Letf:x — x-+2, xcl*. Here, the domain is the set of 
ай --ve integers, and the rule of correspondence is f(x) =х- 2. 
Since there are an infinite number of elements in I*, we cannot possibly 
lay down all the ordered pairs forming f. We shall, however represent а 
fairly good number of ordered pairs so as to be able to form a general 
dea of what f will look like when interpreted geometrically. 
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The graph of f is the set of points P,, P, ....Since there is an infinite 
number of points, we may visualise the assemblage of all these points 
as a closely knit pattern resembling a straight line. The graph is not how- 
ever a complete straight line, for a line is a continuous curve whereas 
the set obtained here is made up of points such that there exists a gap 
between any two consecutive points. 


Example 3. Let f:x ->x + 2, хєБ. Неге too the domain is & 
set of infinite number of elements. Therefore, it is not possible for us 
to lay down geometrically all the ordered pairs constituting the function. 
What is more, since every real number is an object, there will be ав 
infinite number of points in the plane very near to each other, so near 
that we can visualise the graph of f аз а continuous curve, which, in this 


case, is а straght line as shown in the figure. P,, Р», Diu are only 
some of the points of the graph of f. Note that there is no gap between the 
consecutive points of the graph as in ex 2,for, between any two conse- 
cutive points lie an infinite number of points, each an ordered pair 
belonging to f. 

5.10. We know that given any two sets А and B, f isa function 


of A to B provided f is any rule whatsoever, associating the elements 
of A with those of B, under the only restriction that f should be such that 
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each element of A will be associated to one and only one element of B. 
Different rules give rise to different associations even between the same 
two sets. The following are a few special kinds of functions in each of 
which the domain of definition is the set of all real numbers. 


1. Constant function: If f is such that f(x) = К, where К is a 
fixed real number, then f is called a constant function. 


e. g. let f(x) = 2, x «В then f(0) = 2, f(1) = 2, f(—5) = 2, f(7) = 2 
and so on. 


Thus f isthe set of ordered pairs (0, 2), (1; 2), (2, 2), (3, 2) etc. Verify 


that the graph isa straight line parallel to x axis at a distance 2 units 
from it on the positive side. 


0/2) graph of f 


In general, graph of a constant function f(x) — k is always a straight 
line parallel to x axis ata distance k from it. 


2. Identity function: If f is defined by f(x) = x then it is called 
an identity function. For this function, f(0) — 0, f(1) — 1 f(2) — 2, 
f(—7) = —7 etc. The rule can be expressed also as y = x and the graph 
is a straight line passing through the origin, inclined equally to the two 


bs 
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axes (for the distances of any point on the graph from the two axes 
which arc x and y, are the same). 

3. Modulus function (the absolute value function): 

If the defining rule is f(x) = |x| 


i f(x) = x when xzo 
and f(x) =— x when x«o 
then f is called a modulus function. So, if f is a modulus function, then 


fQ) = 2, £—2) 22 ~. (2, 2) and also (—2, 2) are in f. 65) = 5; 
f(—5) = 5 2. (5, 5) and also (—5, 5) are in f. 


ое oe 
= 3 С) Зээ (= ; зэ and also 


—8 8 д 
о ) are in f. Note that f(0) = 0 so that (0, 0) ef. 


In general, for any element x in the domain (which is the set В). i.e., for 
any real number x, (x, ху) and (—% x) are elements of f. The graph 
of a modulus function therefore, will look as shown in the diagram and 
is a pair of straight lines passing through the origin. Note that f(x) i.e., у 


| 
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is always --ve, whatever be x. Therefore the straight lines are confined 
to Ist and 2nd quadrants only. Moreover, at each point on either of the 
lines, the value of x is numerically equal to that of y. Each line is, there- 
fore, equally inclined to the axes. 


5-11. Zeros of a function : Let f : В >В; then any value of x for 
which f(x) is zero, is called a zero of the function f. 
£. g. let f: x >x? — 9, xeR then, the defining rule is f(x) = x? — 9. 
At x = 3, and x = —3, f(x) = 0. That is, 13) = 0 and f (— 3) =0. 
Therefore 3 and —3 are the zeros of this function f. Note that 13) = 0 
means (3, 0) «f and f(—3) =,0 means (—3, 0) ef and these ordered pairs 
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ЙЛЫ? 4 
a 
tion: xz —4 
2 9. 0,2, 4 V2. V62, 8 
7 10 
E 


—4. g(—4) is undefined. Restric- 


Jo: 3: 0:909 


` 1 1 A 132 
11. 1, 243, 81, 27? sv». va 
1255 5545; 55-5305 05205 
13. A, B, (4, 9, 16, 25 ) 
14. A, B, (2«, 2$, 2А } 
15, А,З, Г, V) 
16. A, B, (5) 
17. Опе-опе but not onto 
18. One-one and onto 
19. Onto but not one-one 
20. Neither one-one nor onto. 


> 5-12. Linear function : 

А function f for which the defining condition is f(x) = mx + с 
where m is a non-zero real constant and c is any real constant, is called 
a linear function. : 

The defining condition is also written as 

у= юх с. хе Е 

For a linear function it is necessary that the power of x in the ex- 

pression for f(x) does not exceed 1. 


Thus the functions 
Ёсх-3х--2, хе Е 


віх о х— 5, х= К 


h:x 2x47 х= В 
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8. If gtx o—— find g (0), 2 9) 8 (6. 


g СЭ! g t^ e ) what do you infer about g (—4) ? what 


therefore should be the restriction on the domain of g ? 
9. h:x +2 Vs, find h (0), h (1), В (8), в (15 a) в (16). 


10. If F:x>|2x+ I|, find F (0), Е (3), Е (—1), 


F(-4, Е (ac F(z) 


11. Ift:x + 3, find t (0), t (5), t (4), t (—3), 


0—4), t er) t Er 19) / 


12. If f : x +5 find f (9), £(—1), f (0), f (a), 


f (о), tCEM(- T) 


Find the domain, codomain, range of the following functions 
Ї:А >В. 


13. rule of correspondence : f(x) = ха, xcA. m 
А = (2, 3, 4, 5, } and B = ( 1, 2, 4, 5,6, 9, 11, 16, 25, 27, 30) 
14. A-(«,B, A}, B—(1, 2, 3, 2 x, 28, 2A, 10 } 
tule of correspendence being f (x) = 2x,xeA 
15. А= (C, V), B—(09,0, 3, 5, k, V ) 
tule of correspondence being f(x) =x, x sA 
16. А = { №, A, 3 } В={5,.9,0,7 ) rule of correspondence 
Pinas. Рух 5 
Ї Find whether the function f:A ->B is one-one, onto, one 
one and onto, neither one one nor onto, in each of the following 
examples. Draw a figure in each case. 


-А = {1, 2, 3}, В = 4212:21:85:475::6::7. 8) rule of corres- 
pondence being f (х) = 2 х, хғА 
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18. А={1, 2,3, B— (2,6, 4), rule of correspondence same 
asin example 17 given above. 


19. A — 


{з «2-2, «0, B. зуун = [e Be) 


rule of correspondence being f (x) — x* 

20..A = tt; юз 
B = { «2, B? 4, 9, t) rule of correspondence being same as 
in example 19 above. 


ANSWERS 
1. © (0,1), (0,3), (0, 5, 0, 1, (2, 3), 2 5) 
(ii) (0,9, G, 9), 6,9) 
(ii). ((0, 9), (2,9) ) 
(ivy (09, D, (9,3), 06,5) 
w (09, 0), 0,2) 
(vi) (0, 0), ©, 2), (2, 0), (2, 2) 
(vii) (C1, D, (1,3), (1, 5), (3, 1), 6, 3), (3, 5). (5, 1), (5, 3), 
(5, 5)) 
(уш) {0,9} 
(ix) 2 1), (0, 3), К, 5), (2,1), (2,3), (2,5), @,9), (3,9), 
(5, 
(х) 10. 20, (9, 2), (1,9), (3,9), (5, 9 } 
(х) Ф 
2: Py ms D n» (iii) р’, (iv) mn, (v) np, (vi) pm, (vii) nm, 
(viii) pn, (ix) mp. 
3. (i) True, (ii) False (iii) False (iv) True (v) False (vi) False 
(vii) True 


5. Ахф= Фф. yes 


а т 1047. ‚ —157, 5a +3 


1. —9, 26, 35 ФОН 
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represent two points P and Q respectively, on the x—axis. Since P and 
Q lie on the graph of f, and are at the same time zeros of f, we observe 
that the zeros of a function arethe pointsat which the graph of the 
function meets the axis of x. 


EXERCISE 

1. If A = {0,2}, В = {1, 3,5}, C = (9) 
find (i) A x B, (ii) B x C, (iii) A x C, (iv) C x B, (v)C x A, 
(vi) A X A, (vii) B x B, (viii) C x C, (ix) (А x B) О(В x ©) 
(x) (C X A) U(B x С), (xi) (А x B) n (A x © 

2. Let m be the number of elements in set A, n the number of 
elements in,set B and p the number of elements in set C. Find 
the number of elements in (i) A x A, (ii) B x B, (iii) C x C, 
(iv) А х В, (v) B x C, (vi) C x A, (vii) B x A, (vii) C x B, 
(ix) A х C. 

3. Let А = ($t), = {4, r}, C= (t) 
State whether the following are true or false: 
Q АХССА X A, (i) Bx C CB x B, (iii) CXC C Bx B, 
(i) СХССАХА, (у) CXCCA x B, (vi) B XC CAXB, 
(d) СХВСАХВ : 

4. ТА = (1,12), B= {i}, C= (5, ue) 
contruct the sets (i) А xB, (ii) ВХА, (01) B x €, 
(iv) C x B, (у) (AUB) x B (vi) B x B. 
hence verify that B x BC A x B, B x B.C B x A. 
IlBxBcBxCandBxBcCxB? 


5. What is A х @ for any set A, 0 being the null set ? Is 
$ € А x B for any two sets А and В? 


6. If fix 5x + 3 find f (0), f (—2), t (5), П), 
C 21 2) f (—32), f (a). 


7. If f : x 22x? + 3x — 9 find f (0), ғ (—5), f (4), 


te» ("СУ 
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is a linear function each. The ex. 3 of art 5-9 isan example of a linear 
function. As in this example, the graph of every linear function is always 
a straight line. 


To find the zeros of a linear function, we equate f(x) to zero and 
find for what values of x this is satisfied. 


Now, f(x) = 0 means mx + c = 0 


So thatx = — E (remember m + 0, so division by m is allowed). 
— x is therefore the zero of the linear function f(x) = mx + c. Also 


( DER ) ES. and, ( 225200 ) lies on the graph of f. The 
m m 
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graph of f will therefore be a straight line passing through the point 


Е) 


5-13. Arithmetic Progression : 


Consider the linear function f£: x >2x+1, xeI* 
then f(x) — 2x 4- 1 so that we have 


КО 23 

#2) = 5 | 
f(3) = 7 

f(4) = 9 à 

1(5) = 11 

f(6) — 13, and in general, 

f(n = 2n + 1 


The range of this function is the set { 3, 5, 7, 9, 11, 13....2а +1.... } 
and is such that the difference between any two consecutive numbers in 


the set is the same. Now consider the linear function f : x—a + bx, 
xzl*. we have, 


f(l) =a+b 
f(2) =a + 2b 
f(3) =a + 3b 


f(4) = a + 4b and so on, so that the range is the set {a + b, 

а + 2b, a+ 3b, a+ 4b...... ‚ } having again the property that the 
difference between any two consecutive numbers in it is the same. 

The range of a function, whose domain is I* or a subset of I*, 

considered in a sequential order (that is, the first element should be the 

image of the integer 1, second of 2 and so on) is called a sequence. We 


_ observe from the above examples that the sequence of any linear func- 


tion has the property that the difference between any two consecutive 
numbers in the sequence is the same. Such a sequence is called an Arithm- 
etic Progression. The following two definitions are equivalent. 
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Definition 1: An arithmetic progression is any sequence of real 
numbers in which each term after the first is obtained by adding a fixed 
real number to the previous term. 


Definition 2. An arithmetic progression is any sequence for which 
the defining function is linear. 


Illustrations : 

1. The finite sequence 4, 7, 10, 13, 16, is an arithmetic progression 
with defining function f : x 3x + 1 and domain (1, 2, 3, 4, 5). Here, 
the difference between any two consecutive terms is 3. (Note that the 
coefficient of x in the defining function is 3.) 

2. The sequence 12, 17, 22, 27, 32 is an arithmetic progression 
with defining function f : x > 5x — 3 and domain (3, 4, 5, 6, 7). 
Here, the difference between any two consecutive terms is 5, which is 
also the coefficient of x in the defining function. 


5.14, We shall now discuss some algebraic properties оГ an arithmetic 
progression. The following notations will hereafter be used for any 
general arithmetic progression (written in short as A. P) given by 
tht -- dit, +24,.. 3 = the first term, d == the common difference, 
n — number of terms, t, — the nth term 

The nth term : In the A. Р: t, th + d, ti + 2d... enn AE 
the nth term, denoted by t; may be found by the following methods. 


Method 1 : 
1-4 


4 
13—15 d 
d 


111 


t,—ts 


tea —tn-2 = d 
erecta hl ede 
adding, ta- =d+d+d+ .... (n—1) times 
= (n—1)d 
<. = + (n— Dd. 
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Method 2 : (method of induction) 
We wish to establish that tn = 1, + (n — 1)d. 


Let P(n) be t, = t + (0 —– Dd. ...... (i) 
Then, Р(1) is, t, = t, +0 

Sc PO ИТИИ ИЕЛИ ДЕКСЕ (ii) 
Let P(m) be true. .. t, = t, + (m — 1) d .... (iii) 


now,t4,4! = tm + d (Since the 154553 difference of the A. P is d) 
= + ш-— Dd +d. 
= t, -+ md 
=t+{(m+1)—1} d...... (iv) 
From (i), P(m + 1) is, tsa = t+ (m + 1) —1}4 
*. from (iv), Pim + 1) is true. . . 4) 
thus, from (i), (iii) and (v), 
(1) P(1) is true. and 
(2) If P(m) is true then P(m + 1) is true. 
*. The formula № = t, + (n — 1) d is true for all positive іп» 
tegral values of n. 


Example 1: Find the 25th term of the series —7, —5, —3, —1, 


Cnr Tog esito tM M EU SARI ood cod MN 


here, t, — —7, d — the common difference 
=§ — t = —5—( -7 =2. 
1=25: 
Jig = —7 + (25 —1) :2 = 41. 


Example 2 : Find the A. P. of 5 terms in which the first term. is 
sa and the last term is xs 
= 5, 


4 
here, t, = Tei №. 
/. from the formula tn = t, + (n — 1) d, 
16 


3 = Tc арал e 


Functions 
4 4 y 10 
у= з, ЦЭР 41-58. bag, 
1 
ta 5 and t, — i 


у Sat Jte МОЗ E9016 
Che А. Pis =, т, 3 > су, 37 


5.15. To find the sum of n terms in an Arithmetic Progression. 


Let the A. P. be t, t, +d, t, + 2d... .... t + (n — 1) d.... 
and let S denote the sum of n terms of the A. P. then, 


S = t + (t +d) + (t, 4-24) + ...... +(t, + n — 1d) 
also, by writing the series in the reverse order, 
S = [(& + (n—1) d] + [064 (0—2) d] +...... Tt 
adding the corresponding terms of these two series, 
25 = [Qt, + (а — 1) d] +106 + (a — Dd) + О (а — Dd] 
des n REL for n terms. 
= n [2t + (n—1) d] 


LE [2s + (n—1) a] 0) 
t, + (n—1) d, therefore (2) may also be expressed as 


Since tn = 
S => (44215) 2-4) 
7 5 
Example 1: Sum 3, з, 3 r++ to 16 terms. 


This is an А.Р in which t, = 3, 


wjn 


7 : 
n-16d-2t—t-— EP а. 
<. Using the formula (2) above, 


3 EZ + (16-1) Gas) | 
1:35. 


Example 2: The sum of 15 terms of an A. P. is 600 and the first 
term is 5. Find the last term. 


S 
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here, ( = 5, n= 15, 5 = 600, the last term = tn Using the 
formula (2), 


600 = 12 (5+1 д. = 75 


5.16. The Arithmetic Mean : 


The terms of an A. P. between any two fixed terms are called the 
arithmetic means between these two terms. 
If a, b, c, are any three numbers in A. P. then b is the arithmetic mean 
(A. M.) between a and c. Since the three terms are in A. P., the difference 
between the second and the first must be the same as the difference bet- 
ween the third and the second terms. 


и. b—a = c—b 
ЖКН О 
bo 2 444404) 


Ехашрїе1. Find the arithmetic mean between (i) Sand 9 
0) 3.4 ) -5 € 


Using formula (4) above, we have 


QA M- =7 
QU M4 ul 
20174 
жо 2 
n о 1 
лм. 


Example 2: Insert 5 arithmetic means between 14 and 86. 


Let the А. Ms be ау, ag, аз, ад, аз. Then on inserting them between 
14 and 86, the series so formed is an A. P. that is, 


14, ад, аз, аз, 4, ag, 86, is ап А.Р in which t, == 14, t; = 86, 
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n = 7.using the formula of article 5:14, the common difference d 
can be obtained as follows. 


86 = 14+ (7—1) 4...4 32: 
t +4 = 14 + 12 = 26 
а = а + d = 26 + 12 = 38 
ài а ра ЗВ 0 
a, = а, + d = 50 + 12 = 62 
а, = а, + d = 62 + 12 = 74. 
5 The arithmetic means are 26, 38, 50, 62, 74. 


ay 


| 


5-17 The natural numbers 1, 2, 3, 4....forman А.Р. in which 
the first term is 1, and common difference is also 1. We proceed to 
find in this article, the sum of, and the sum of the squares of, the 
first n natural numbers. 


(a) Let S, denote the sum of the first n natural numbers. Then 
S opu 34 rn 
= 5 [271+ (8—071] 
2 (ЕТ) 
2 


(b). Let S, denote the sum of the squares of first n natural numbers. 
That is, Sp = 12 + 27+ 3 ...- + 0°, 
We know that for any real number n, 
п @— 1} = 3m—3n4 1. 
Since this holds for any real value of n, putting n = 1, 2,3. etc, we 
obtain f 
12 0° = 3:12 — 3-1 +1 
23— 18 = 3:22 — 3-2 +1 
38— 23 == 3:32 — 3:34 1 
and so on. 
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Lastly , n® — (n—1? = 3-02 — 3:n +1. 
Adding, п = 3[ 12 4-23 4... + n3]]—3[1 - 24- .. En] n 
= 35, — 3S, +n 
38, = п? + 38, — n 
=1° +3 PH 


ect) 


_ nn-4 D Оп + 1) 
ac а 


Sb ibat) X B ae 437277) 


1 
It is left for the students to prove that if Sy denotes the sum of the cubes 
of the first n natural numbers, that is, 
Sa = 18-28 3%... - п 


2 2 
Then. S, = еол, мо S, Sy 


[Hint : Consider nf—(n—1)* = 418—6 n? + 4 n—1. 
Put п = 1, 2, ..n and add.] 


` Each of the three above formulae can be proved by the method of 
induction. 


EXERCISE ‘ 
І. 0) Find the value of r so that 8r + 4, бг — 2, 2r — 7 form 
an A. P. (ii) Find the 10^ term of the series —3,3,9, 15 ...... 
2. Find the 12, 15% and 23a terms of 8, 3, —2, —7, — 12... 
asm 
th 
3. Find the ши and r terms of 4 uis 


4. Write the first four terms of an arithmetic progression in which 
the 5^ term is —5 and the 30^ term is —55. 


5. Inan A. Р. the 34 term is 18 and the seventh term is 30. Find 
the 13^ term. 
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10. 


16, 


17. 


18. 


Find the sum to 15 terms of the A. P. Bes 2 259 
Find the sum to 22 terms of the A. P. D y 25 - 5 CU YE 


In an A. P., the first term is 6, common difference is 5 and the 
n^ term is 36. Find the sum to n terms. 

Find n if the sum to n terms of an A.P is 40 in which the first 
term is 4 and common difference is also 4. What isthe nth 
term? 

Find the sum of 10 even integers starting from and including 6. 
(1) Find the arithmetic mean between 

() Тапа —15, Gi) цаад + Gi) —4.and 0 

(2) Insert 4 arithmetic means between 3 and —12. 

Find the sum of all odd integers between and including 9 and 35. 
In a sack race, a boy covers 3ft. in each jump. If he is required 
to cover 100 ft. in how many jumps will he be 7 ft short of the 
stopping line? 

How many times in all will a wall-clock strike between 1 P. M. 
and 10 A. M. including the chimes at these two hours? 

If a man joins a job at Rs. 5000 а year with an increment of 
Rs. 20 per year then what will his annual salary be at the end of 
12 years? 

What will be the cost of a painting by Rambrandt after 10 
years if it costs Rs. 30000 today and if the price goes up 
steadily by Rs. 200 every year? : 

A person borrows Rs. 2500 at the rate of 5% simple interest 
per annum. What amount will he have to pay at the end of 
6 years to clear off his debt? 

If a, b, c represent the т, n^" and r^ terms of an A. P., 
Prove that 

a b с [ 
m n r 
1 1 1 


=0 


216 


19. 


20. 


21: 


22. 


21 


24. 


25. 


Es EO URN Ne ША 1 
[ Hint : Wie’ “aa FD nt PI ay д 
2 , 


716, 


\ 
| 
\ 
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Prove by method of inductionýthe following formulae. 


ем ео 


0) 15-425--.2.--13- бэ. ү 


Sum the series 1--(14-2) --(1-:2--3) + ...--- to n terms. 
Find the sum of n terms of a'series?whose n^ term is 3n?— 5п--9 
Sum the series (1--2—3) + (44+5—6) + (7--8—9) ... 
КИК to 3n'terms 

Sum the series 

1:4 + 2-6 + 3:8 4- 4:10 --....to n terms 
Sum the series 

1:2:3 + 2:3:4 + 3:4:5 4 
Sum to n terms;the series 
1 1 
Вы E 


т to n terms. 


1 
рат 


Prove, by the method of induction, the formula for the sum to 
n terms of an arithmetic progression. 


ANSWERS 
O > di) 51 


—47, —62, —102 
Э". Отаи ОРЕ 
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150 

d) 6 — d) ^ 60 — 
o $. -%,-5.-5 
308 

31 

55 

5240 

32000 

Rs. 3250 


n(n+1) (n4-2) 
$ 6 


. ob —n?+7n 


= n(n— 1) 


1 


s 3 n(n4-1) (a+2) 


n(a+1) (n--2) (n4-3) 
4 
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5-18. Linear equations : 

Consider the equation 3x — 4y — 1. 
This equation is satisfied by the values x = 3, y = 2, so that (3, 2) is 
a solution of the given equation. There are, however, other solutions of 
the same equation. For instance, e 1) (—1, —1), (=. 0) are each 


a solution of the equation 3x —4y — 1. In fact, there are an infinite 
number of pairs of real numbers (x, y) which satisfy the given equation. 
The solution set of the equation is therefore an infinite set and can be 
expressed аз ((x, у) / 3x — 4y— 1) 
Let us interpret this equation geometrically. 
Since the given equation can be written as 
uU E 

VIUA d 
which is of the form у = mx + с, and as we have already seen in 
Art. 5:12 that any linear function y = mx + с, m#0 represents a 
straight line, the graphical representation of the equation 3x — 4y = 1 
15 a straight line. The ordered pairs of real numbers representing the 


coordinates of any point on the line AB will [satisfy this equation. 
The solution set 


Сб, y) / 3x -4y 21) 


is therefore the set of all points on the straight line 3x — 4y — 1 and 
is obviously an infinite set. Thus, any general linear equation of the form 


ах + by + c = 0 has an infinite number of solutions and the solution 
Set is given by 


{ (x, y)/ax + by + c= 0) 
Let us now consider a pair of linear equations a,x + byy + c; = 0 ...(i) 
and a,x -H bay 4- ca = 0 ...(ii) 
The solution sets of these equations are 


А = (( у/аух + by + с, = 0) 
and B = ((x, y)/ajx + by + с, = 0} respectively. 
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A being the set of all points on the line (i) and B being the set of all 
points on the line (ii). If there is a common element (x, y) between A and 
B then the point which represents this common element lies on both the 
straight lines (i) and (ii) and is therefore the point of intersection of these 
two lines. 

So, a solution of two simultaneous linear equations is the ordered 
pair (x, y) which is a common solution of both the equations and hence 
is a common element of the solution sets A and B of the two equations. 
Such a solution is therefore given by 


АПВ = (x, yax + by с: =0 and 
asx + boy + c= 0}. 

Geometrically, since each linear equation represents a straight line 
and since each solution of the linear equation represents a point on this 
straight line, therefore the solution common to two linear equations is 
represented geometrically by the point of intersection of the two straight 
lines. 


Since two independent straight lines intersect at only one point 
there exists therefore only one solution of two simultaneous linear 
equations. 


5.19. To fix our ideas, let us consider two simultaneous linear equations 
х+у—7=0 
and 3x —4y4- 7 — 0 


The шар of these equations, shown in the figure, are two lines inter- 

secting at the point (3, 4). The ordered pair (3, 4) therefore satisfies both 
the equations 

15 dup тт 0 

and 3x —4+7=0 


9g s 
AN 

simultaneously. The solution of the two given line 
fore, x — 3, v — 4. In set theoretic notations, if wi 


SY 218 т. 
equations is его, 


e 
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А = {((х,у)ух+у—7=0} 
and В = {(х, y)/3x—4y+7 = 0} 
then ANB = ((3, 4)} and this is the solution set. Note that since two ш- 


dependent straight lines intersect at only one point, the solution set of 


two consistent, simultaneous linear equations will always be a singleton 
set. 


If the two given linear equations are like 2x + y = 10 
and2x--y-—8 


then their graphs represent two parallel straight lines which do not 
‘nteresect. They will not therefore have any common solution. In other 
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- words, the solution set of two such equations is the null set ф. As we 
have already seen while discussing “determinants”, two such equations 
are called inconsistent. Thus the solution set of two inconsistent equa- 
tions is empty. 

If the two given linear equations are of the form 


3x + 2у = 1 
and 12x + 8y = 4 
that is, one of them can be obtained by multiplying the other throughout 


bya fixed real number, then each of them represents the same straight 
line. Two such equations are said to be “dependent”. Since their graphs 


3X*2921 
A poem 


are two coincident lines, each point of one lies on the other and hence 
they have an infinite nümber of common points and therefore an in- 
finite number of solutions. 

That two dependent linear equations have an infinite number of solu- 
tions is to be expected because on dividing one of them throughout 
by a non-zero real number the other equation is obtained. The two de- 
pendent equations are therefore actually the same linear equation 
written in two different ways and they have an infinite number of solu- 
tions just as a single linear equation has. 


5.20. The graphical method of finding the solution of two simulta- 


( 
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neous linear equations is an approximate method. We proceed now to 
discuss two other methods of solving two linear equations. One method 
is through determinants, the other through matrix algebra. 


(1) Determinants: An accurate method of solving two simul- 
taneous linear equations is that of elimination, a direct formula for which 
can be devised in terms of determinants of the coefficients of the variables 
occurring in the two equations., 


Consider the two consistent equations: 


arx by Re 20:5 7) 
anda,x4d-b,y--ce,—0 — ... (ii) 


multiply (i) by ас, (ii) by a, and subtract. The terms in-x cancel and an 
equation in terms of y only is obtained as 


(by ag — by aj) Y + са, — са =0 


So that, у=2%# aeea 


bia — by ay 
ay с 
[аә €; i: 
ОБО | Sera (ш) 
b; а, 


either by substituting this value of y in one of the given equations or by 
multiplying (i) by b,, (ii) by b, and subtracting, an equation in terms of 
x only is obtained as 


(a; ba — а, by) x + с, b — Ca b; = 0 


that is, x — bi — bo 


a, b, — agb 
b, сү 
21 b, Cy 


а By ES 


Ag b, 
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From (iii) and (iv) it is evident that 


x y 1 


bs Co az Cy а, bs 


An easy rule for solving the two equations 
axtbhyte -0 
and a, x + ba y + © = 0 


can therefore be formulated as follows :— 


x i y & 1 
The determinant formed Тһе determinant The determinant 
by the coefficients other with a change of ^ formed by the соећ- 
than those of x sign formed by the cients of x and y 


coefficients other 
than those of y. 


р : / ав í 
Note that since the given equations are consistent, 2; 7 b that is 


a, b; — a; by 0 1 


The method of solving simultaneous linear equations by 
determinants can be extended to linear equations containing more than 
two variables. The general method,. which is outside the scope of the 
present discussion, is known as Cramer's rule, named after Gabriel 
Cramer (1704—1752), а Swiss mathematician. 


Tilustration : 
Solve the equations 
39x + 4y £5 


6x quy s» 
The given equations can be written as 
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3x+4y — 5 =0 
Gui ge № 


By the determinant rule, 


x y m Шоо: 
4 —5 3 —5 3 4 
7 -12 6 -12) 6 7 
TR E] 
Л E oss шс y о 
— 48 + 35 —(—36--30 ^ 21—24 
NUES T UIN 
epa NÉ —3 
х = i ‚у= —2 


(2) Matrices : 
The equations 


BxcpP v5 
8х--5у = 18 


an be written as | | 
Ex by] = tis | 
8 5 y 18 
д ! jore] ! 
premultiply each side by |; 8 3 [obtained by the rule : “‘inter- 


change the elements on the leading diagonal and change the sign of the 
other two elements without changing their position.] 


11-11 


bs TBI 
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х = 1, and y = 2. 

In general, given any two consistent linear equations 
axtby = сб, 

a,x + Шу = C2 


they can be represented as 


ERA LEE 
а; b, y 2 БОБ 


AS / ba ^ —b 
On premultiplying each side by [ 5 " ] 
262 1 ? 


[rule : This matrix is formed from the coefficient matrix, by inter- 
changing the elements in the leading diagonal and changing the signs of 
the elements in the other diagonal. ] 


Lr ud Bo ccs 

—а; ay 25 b, JAI N ay ©» 
| f 1 "Д pu Wr 

So that (a, by — as bi) ЇР 1 yore eat aros 


ei x bz c, — bi ба 
(а, bs — а [5] F E Cia 2248 


ay Cy — 84 0 
a; by — а by 


duree ий у= 


Note that the factor with which both sides are to be multiplied is moti- 
vated to reduce the matrix on the left hand side (made up of the coeffi- 
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cients) to the unit matrix. To this end, if the left hand matrix is directly 
multiplied by its inverse, the same result would be obtained, for, the 


inverse of [ а by ] is PEU Ee Par chi ] 
: а, b, а, b, — а, L—a, а, 
на [ Dab; ] and premultiplication 


а b, LAUS 
7 42 1 


а; b; 
by it will reduce the coefficient matrix on the left hand side to the unit 


matrix, so that the left hand side is reduced to the column matrix [ 3 ] 


and the right side to the column matrix 


bc; — b, cs ] 


1 
а, by — a, b, po а, + a, с, 


the result thus obtained being the same as above. 


EXERCISE 
1. Sketch the graphs of 3x У, 3 = 0, 6x ci y 90 
and find approximately solution of the two linear equations. 
2. ВА = {(xy)/3x—4y = 1) 
B = ((xy)/6éx— 8y = 3}; Draw a graph and 
find АПВ. 


3. Solve the following equations (i) by the method of determinants, 
(ii) by matrix method. 


(1) 3x 42y — 13 


Sx —y = 6 
(ii) 2x —3y = 4 
х Фу =6 


234) 3x 141 18 
2x + Зу = 13 
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(iv) 2х—3у=1 


$y —x =3 
(NO xy 

х+у—2=0 
(vi) х-у-4-0 

х+у=0 


4. Write the following equations in matrix form: 


(i) 12x+5y =4 
3x +4y -7 


(ii) х+у—4=0 
у+3х—5=0 
(її) 7 + 3y —2x=0 
8х = Пу — 33 =0 
(iv) 2x—3y+5=0 
3x + 4у = 0 
Cv) 
2х + у = 0 
(i) y+3=0 
5. —X—y-0*t 
5. Write each of the following matrix equations as à pair of 
simultaneous linear equations. 


1451 С] 


2 
0 
=7 


3 
[mes 
= © € Lv =| woe = 
| 
wo 
у. ИВ» 17 
ша ol ES UESTRE 


] 
ЛИГ 
1214 
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6. Find the coordinates of the vertices of the triangle formed by 
the lines 
(1) 3x+5y = 15, x -y —4, 2х+у= 
(ii) х-у+3 =0, 3x+4y=5,6x+y – 17 = 0 

7. What is the value of К if the equations 3x — 5у = 7 аг! 
9x —15y — k have an infinite number of solutions? 

8. Ш the equations ax + 36y = 3 and 4x + 72у = 6 have ar 
infinite number of solutions, find a. 

9. Show that the lines 


3x—2y —5, 2x+t+y =7 
3x —2y —4, 2x+y=1 


form a parallelogram and find its vertices. 


ANSWERS 


25 m 
[ep aeree pd 


(x) х=Г. ушш (vi) x =-2 


«e ӨГЛӨГ C] 
o ОЛ Өд 047 
0-1, d ]- Ё В 


2850 (1) 2x Ey mms (US kay = 0 


x+2y=7 |^ 3x-—y =4 
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(HL) о (iv) 4x — 12 
2х — Ty = 3 —3y = 21 
(v) —6 = — 18 
x + 5у = 16 


«o (2. Dan (E. 8) 


(ii) (—1,2), (3,—1), (2,5) 
K 21 
8. 2 


I0 ELT 18 13 6 5 
2 a-n (77): ius) =) 


-5.21. Quadratic Functions : 


In art 5-12 of this chapter, we discussed the linear function—an 
algebraic function in which the defining equation is of the first degree. 
We now proceed to discuss a second algebraic fi unction the defining equa- 
tion of which is of the second degree. 


Definition : The function Ё: х->ах? + bx +c, xeR where a, b, c 
are real constants and a + 0, is called a quadratic function. 


Before discussing the graph of a general quadratic function 
f(x) = ах? + bx + с, we shall consider a few examples. 
Example 1. Draw the graphs of the quadratic functions : 


(i) Е: хх, xeR (й) f: x > 2x2, xe R (Ш) fix>}x’, 
xcR (iv) f:x-> — 2х2, xeR 


To draw the graphs of the above functions, we shall tabulate a sufficient 
number of values of x and the corresponding values of y in the equa- 
tions (i) y 2x? , (ii) y 22x* (iii) y = jg (iv) у = — 2x? 


е 
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=-2x? -50 -32 .-18 -8 -2 0 -2 -8 -18 -32 -50 


The graphs will be as shown below: 


у 
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i 
! 
[ 
i 
| 
i 
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(2) 


The curve has the same general shape in each case and is called а ‘рага- 
bola’. Note that in (i), (ii) and (iii), the concavity of the curve is turned 
upwards and in (iv), the concavity is turned downwards. Thus if the 
coefficient of x? is positive then the parabola opens upwards and if the 
same is negative then the parabola opens downwards. Also, the conca- 
vity depends on the numerical value of the coefficient of х2. As this 
coefficient increases, the concavity increases (compare 0) and (ii) ) and 
as the coefficient of x? decreases, concavity decreases (compare (iii) 
with (i) and also with (ii).) Note further that the curve (iv) can be obtained 
by revolying curve (ii) through two right angles, about the x axis. In 
general, the graph of y = ах? (where ae R is а constant) is a prarabola 


234 An Introduction to Modern Mathematics 


passing through the origin and symmetrical about the y axis. The para- 
bola opens upwards or downwards according as “а” is positive or nega- 
tive. The concavity of the parabola increases or decreases with the in- 
crease or decrease of the numerical value of ‘a’. 


Example 2: Draw the graph of the quadratic function 
f:x-2(x—1),xeR. We shall tabulate as usual a number of values 
of x and corresponding values of y in the equation 


y = 2(х —1)? 


3 1-2 


а |5 


T TE ПО 


22(K-1)? 
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The curve is a parabola opening upwards. Comparing with the graph 
of y = 2х°, we find that the graph of y = 2(x— 1)? is nothing but the 
graph of y = 2x? displaced laterally in the positive direction by an 
amount 1 unit. 


Thus the graph of y = а(х—К)? is similar in every respect to the graph 
of y — ax?. In fact, if the curve y — ax* undergoes a lateral displacement 
in the positive direction by an amount k, the curve obtained coincides 
with the graph of y = a(x — k)*. 


If k is positive, the displacement is to the right and if k is negative 
the displacement is to the left. 


The curve y = a (x—k)? does not pass through the origin and is 
symmetrical about a line parallel to the y axis at a distance k from it. 


Example 3. 
Draw the graph of the quadratic function 


Г:х = 2х? +1, xeR 


Tabulate a number of values of x and the corresponding values of y in 
the equation 


Мои 


RERUM et 


ТЕРЕТ ТТ 


5 Ju | o [s |» Fel [o в Е 
| ыыы ——————————————- 


'The graph will be as shown below: 
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The graph is a parabola again, opening upwards. Comparing with the 
graph of y = 2x2, we find that the curve y = 2х? + 1 is the same as 
the curve that would be obtained if each point of the curve у = 2x? is 
displaced vertically in the positive sense by ап amount 1 unit. 

Thus the graph of y = ax? + b is similar to the graph of у = ах? 
in every respect and can be obtained by a vertical displacement of the 
later curve by a distance ‘b’. 


The curve y = ax? + b is symmetrical about y axis but does not 
pass through the origin. 


Example 4. 
Draw the graph of the quadratic function Ё: x-2x*— 4x + 3: 
We tabulate a sufficient number of values of x and the corresponding 
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æ values of y in the equation y = 2х? — 4x + 3. This equation can be 
written аз ; 


y=2x—1 +1 


The graph obtained is a parabola opening upward. Compare with the 
graph of y = 2x*. You will find that if the curve y = 2x? is displaced 
laterally by an amount 1 unit and vertically by an amount 1 unit, then 
t will coincide with the graph of y = 2(x—1)? + 1. 
In general, every quadratic function 

f:x > ах? + Бх с, xeR 
that is, у = ах? + bx + c can be written as 

y = а (х— к)? +d 
whcre k and d are constants depending upon the values of a, b and c. 
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The graph of such a function is a parabola and is the same as the graph = 
of у = ax? with a lateral shift К and vertical shift d. 
The curve is always symmetric about a line parallel to the y axis 


and situated at a distance k from the y axis. The vertex is situated at the 
point (k, d.). 
5.22. Let us now consider the general quadratic function 
f :x >ax? + bx +c, а z 0, xeR. 


То draw the graph of this function, we shall observe the mode of varia- 
tion of the value of y as x varies in the equation y = ах? + bx + с. 
То this end, we rearrange the equation in the following manner : 


eure] 


b e b? 
a £c zh eL e 
у=а[х а it i ja | 


bM? — b? 
y=a [6 nod ар с zx) 


Since the square of any quantity is always positive, (if not zero) therefore 


b 2 
Є + 3) > 0. 
b y : DON 
So the least value of ( х -+ x) and hence of ( х 4 =— ) is zero. 
а 2a 


The least value of the quantity in the square bracket in right 
hand side of (1) occurs for that value of x, for which 


Mu Donde te b 
x+ Prim 0ie.at x —— )a 

Whether the whole expression in r.h.s. of (1) (and hence the value 
of y) does or does not become minimum at this value of x depends on 
whether а is --уе ог —ve. We consider it therefore under the following 
cases. 


Case 1 : а> 0 
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Atx = — 2 the quantity inthe bracket in r.h.s. of (i) is mini- 


mum, and since a > 0 the value of the whole expression in R. Н. S. 
of (1) is minimum. 


b be rete 
Thus, atx = — za У is minimum. 
вобас ан 
2а 4а 


E ; : b 4ac —b? 
-. The lowest point of the graph is at(— "SA 529) 


This point is called the vertex of the parabola. Remember that when 
а > 0, the parabola opens upwards. The vertex determined, we turn 
to some other aspects of the curve. 


2 
(i) If b? < 4ac, then dac —b? > 0... Задгай 0; also, 
2 
since (s + > 0, therefore ata > 0, ах? + bx +c > 0 


> 0! 
That is, every point of the curve hasa y co-ordinate which is positive. 
-. the curve is as shown in fig (i) below, and is situated completely above 


the axis of x. 


(9 a (Ш) P 
(ii) If b? = 4ac, then 4ac — b? = 0 


E 
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$157 EY 
b 2 
wy 20 [sa > md (+) >0] 
b 


The zero of the function is at y = 0 which corresponds to X = — 4, 


ie. at the vertex of the parabola. For all other points, y > 0; so all 
other points are situated above the x-axis. The graph of the function 
isas shown in figure (ii) above and is a parabola opening upwards, situat- 


ed completely above x axis except at the single point ( — = Е 0 ) 


where it meets the x axis. Actually, the parabola touches the x axis a 
this point. 


b? —dac 


(iii) If b? >4ac, then b? —4ac > 0 2 ще > 0. 
b? —4ac 
Let Е iE m? 


: b N* b? —4ac 
pe: [e | 


us [С 3 x) (= + 3. )] 


таз 0, the zeros of the function correspond to x = — 2 —m and 
b ‹ | 
xe Бо ші At these two points the graph of the function meets | 


the axis of x. 
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b b 
Denote (A =) by В and (7 2a + m) by «. 
Then y = a (c —«) (к —B); (B< х). 
The graph of the function isa parabola which opens upwards, meets the 
—Hh? 
x axis at В and « and has the vertex at fe Зэ a). Note that 
y is -ve at all points except between « and В. For, when 
ё<х< <, (x— <) is — ve, (x— B)is + ve. So, since a » 0, 
a(x— «)(x—B)is-—ve*- y is —ve. So the portion of the graph 


between « and В is situated below the x—axis. For all other points, 
the graph lies above the axis of x. 


In all cases the curve is symmetrical about x = — x and the 
ded b 4ac— b? 
lowest point is A[- 2a* да 1 
Case П :a < 0 
The parabola opens downwards. At x — 22 ,the minimum yalue 


b дав — № 
) of Є En 2a F 4a? 


occurs. Since а < 0 this corresponds to the maximum value of 


INTE дас — b? 
| (s ta) Дал 
Те. of y. This point is еа the vertex of the parabola. As in case I, in 
this case also, three pos: bilities arise. It is left for the students to ela- 
borate upon these subcases which is to be done exactly as in case I 


The only change necessary when a < 0 is a change in the sign of y. 
The graphs are as shown below. 
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Note that when а<0 and b?> Дас, the function ax?--bx-Fc is -+-ve 
only when В < x < « ; 50 that the graph of the function between В and 
x is situated above the x-axis. At all other points, the graph Шеѕ below 
the axis of x. 


5:23. The quadratic equation: 


We shall next elaborate upon the zeros of a quadratic function. 
We know that the zeros of a function y = f(x) are those values of x 
for which y is equal to zero. So, the zeros of the quadratic function 
у = ах? + bx +c аге those values of x for which y = 0; that is, 
ax? + bx4- с = 0......... (i) 


We shall solve this equation to obtain the values of x satisfying it. The 
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equation ax? + bx + c = 0 is the general quadratic equation, and may 
be solved as under : 


ax? + bx -c — 0 


ЗО | b TL GL en MN 

aS үздү rin = (ато) 

; bv b PA A 
etr) (a) a 


EN E шо 
(= x) mar 


ая Da 
Seer ЦЕН 
т a : 


Thus, there are two zeros of the quadratic function. These are also 
the values of x that satisfy the general quadratic equation, and are called 
the roots of the quadratic equation. In short, the zeros of the quadratic 
function ax?-I-bx- c are the roots of the quadratic equation ах + bx--c—0, 
and if these roots be denoted Бу « and В, then 


шг a/b? — 4ac and 
2a 

В = Ц М 5%— 4ac 
2a н" 


In the discussion made hereafter, « and p will always denote the two 
roots as given above, of the quadratic equation ax?4-bx + с=0, 
unless otherwise specifically stated. 


5.24, Nature of the roots of the equation ах? + bx + с = 0. 

In the equation ах? + bx + c =0, (a 7 0), a, b, c are any real 
constants. The values and hence the nature of the roots «< and 8 depend 
exclusively,upon the relative values of а, b and c. The following are three 
major possibilities that arise. ( 
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(i) b? > 4ac 
b?—4ac is positive ЛЬ — Дас exists and is real. 
Therefore < and В exist and are unequal. 


Compare with article 5-22, figure (iti) of case I and case II. Note 
that in both cases, b? > 4ас corresponds to a graph which intersects the 
axis of x at two real and different points « and В. 


(1) b? — 4ac 
b? — 4ас = 0 
b b 
«== ei og and p — T a 


Thus «< and 8 exist and are equal. Compare with article 5-22, 
fig. (ii) of both the cases I and II. In both cases, b? == 4ac gives rise to 
а graph which meets the x axis at a single point (that is, two coincident 

- points). 


(1) b?<4ac N 
^ b?—4ac is negative. 


МЫ? — dac cannot be found in the system of real numbers. 


7. Neither « nor В exists, and hence the roots do not exist in the real 

number system. Compare again with art. 5:22 fig. (i) of case I and II. 

In both cases, b?— 4ac corresponds to a graph which does not meet. 
the axis of x. In other words, the zeros of the functions under this condi- | 
tion do not exist. There is à form of algebra called | 
which the expression for « and В, when they do not exist in the system | 
of real numbers, have an interpret | 


of real num ation. « and В are then said to be 
"imaginary ‚ We shall not, however, go into it in the scope of our dis- | 
cussions. і 


complex algebra іп 


5:25. Relations between the roots 
equation. 
The roots of the general quadratic equation ax*-- bxc 


and coefficients of the quadratic 


=0 are given by 
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—b + Vb3— 4ac — b — МЫ 4ac 
biis apis ри ЗОО 
Therefore, 
adim Кыр Sus 2 . © 

and multiplying, «B= S 22.40) 


The equation ах + bx + c—0 can be expressed in terms of its roots 
« and p as : 


ax? + bx + c —0 
Ъ - с 
pe 5 hr рл 


s 80k cab 0 


ха —(xTBx4 «В=0 Se (Hil) 

(х= <) (х-В) =0 Van (0) 
The equation (iii) shows that a qudratic equation can be written as 
х? (вши of the roots) x + (product of the roots) = 0 


The results (i), (ii), (11), (iv) are very useful in finding the roots or соп" 
structing a quadratic equation and are to be remembered. 


Illustration : 
The roots of the equation x^—3x + 5=0 are « and p. Find 


1 1 
the equation whose roots ате « + в and В+ 


Since « and В are the roots of. х" — 3x 4-5 — 0 
2. from (i) and (ii) above, 
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8-3 
«В = 5. 


й 1 
We wish to form a quadratic equation whose roots are <-+ — and 


р 


1 
В т For this equation, sum of the roots — « tg +8+ а 
1 1 
= ( че.) 
< + 
= («+ В) + zy 
3 18 
=3+ 5 =5. 
1 1 
Product of the roots =з ( “+ *) (в Жо ) 
= «ВЬ+2+ ү 
= ZB 
-5-2-4 2: 
5 
GREKI 
ied 
<. From the formula (iii) of this article, the required equation is 


х 2хжуүу-0 


i.e. 5х? — 18x + 36 = 0. 


5.26. А quadratic equation cannot have more than two roots : 


If possible, let the quadratic equation ax*--bx--c—0 have three 
distinct roots <, B and y. 


ax? +b te= 0 0) 
а В +ЪВ + с= 0 (ii) 
а ү ++ Бу +c =0 ... (iii) 
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from (i) and (ii), subtracting, 
a(x? — pt) + b(« — В) =0 
(«—В){а(«+В) +b] =0 
Since « and В are distinct roots, « # p. 
а(« + В) +6 = 0 ..-(iv) 
Similarly from (ii) and (iii), 
а4(8-1) 5-0 -49 
From (iv) and (у), Subtracting, 
а(<— ү) = 0 
Since ағ 0, м9 у= 0 ын = ү. 
This contradicts the assertion that < and y are distinct roots. 


So, a quadratic equation cannot have more than two distinct roots. 


5.27. If one root of a quadratic equation with rational coefficients 
_ be irrational, the other root must be its irrational conjugate. Let one 
root of the quadratic equation ах? + bx + ¢ =0 (where а, b, c are 


rational and а # 0) be m + Vn where m is rational and Jn is irra- 
tional. Let the other root of the equation be p. We wish to show that 


В = у. 
Now, В+ (m+ V3) = a 049 


ad Br Уд = 2387 Gi) 


from (i), В = үс —m—wVn. 
=k— yn where К = -* om 
from Gd, & - уй (m+ м) | 
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-km—no-+ (k—m)vn = x 


The right hand side of this equation is purely rational; hence we must 
have 
(k — m) Vn = 0 
k=m 
Hence В = м – Уп 


EXERCISE 


1. Find the roots of the following quadratic equations : 
(i) 6x? — 5x — 50 = 0, (ii) x*-F2ax--Fa?— b? —0 
(ii) 45 — х=0, (iv) x? — 3 = 4x +1 
(v) 3x +2 +4052 — 1)—0 (vi) 3(х° + = x+5 
(vii) 2x*-- x — 12 — 0. 


2. Form the quadratic equation in each of the following cases, 
the roots being 


: ҮЛҮ: lon. Ausg] 
(i) — 137 (i) —5,4; (ii) me а 
(У) 2+3, 2— V3; (у) 742 V5 
3. The sum of a number and its reciprocal is ie Find the 
number. 
4. For what values of m will the equation 
x? —2x (1 + 3m) +7(3 + 2m) — 0 һауе equal roots? 
5. For what values of m will the equation 
9x? — (2m? + 5m — 12) x = 34 have roots which are equal 
in magnitude but opposite in sign? 


6. Find the condition that one root of the quadratic equation 
ах? + bx + с —0 will be three times the other. 
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10. 


11. 


12. 


13. 


14. 


15. 


249. 


1f (6 —х), (13--х), are the lengths of the sides of a right angled 


triangle whose hypotenuse is (14—), find the value of x. 


Form a quadratic equation whose roots are the squares of the 
roots of 2x? +x — 6 = 0. 
If the roots of the equation 
(pi + 92) х? — 2 (ap + bq) x + (а? + b*) = 0 are equal, 
a р 


then show that = 
b q 


If « and В be the roots of the equation | 3x?-F 5x —4= 0, 
find the value of 

@ «+; @ «—В; Qi) ҳа — ра; (iv) x? + B® 

od 1 ЗО 1 

( «8-1: (00) + р? (vii) хз nu P 


өш p+ в 


« 


If the roots of xi—px + а=0 be « and f, then prove that 


If «, В are the roots of the equation 2x* + 4x — 1=0 find 
the equations whose roots are (i) 3 < — 5,38 — 5; (ii) <*, BY 


Gi) L5 rt 5. 


Jf the ratio of the roots of axt-- bx +c =0 be К, show that 
m?+1 02 — 2ас ; 


m ac 


The difference between the roots of the quadratic equation 
3x2 — 7x +k = 018 2. Find the value of k. 


If the roots of ax? + bx + с = 0 be in the ratio p ? 9 show 


that qe “| Зи -0 
q P c 
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Show that the roots of the equation х? — (p --2) x +p —0 
are real for all real values of p. 


‘The roots of the equation х? + Ix + m = 0 differ by 3. Prove 
that P =4m+9 


If one root of the equation 2х2 + ax — 15 = 0 equals 3, 
find the value of a. 


If one root of the equation 5x? — 4x + m = 0 is equal to 
zero, find the other root. Find also the value of m. 


The product of two consecutive positive integers is 30. Find 
the integers. 


ANSWERS 


. 0 1, > Gi)—a + b; (iii) б: (iv) 2 ES vs); 


0) s( -34 VAT ); wi) 1, — z ; (vii) MR Lm 


(i) 26x? + x — 6 = 0; (i) i +x —20—0 
(iii) mnx* + (п? —m?) x — mn = 0; (iv) Óà* —4-1=0; 
(v) x! — 14x +29 = 0, 


a or 3: 

10 
а= m 
аа 
3b? — 16 ас 
1 


4х? — 25x 4-36 = 0 
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10. 


12. 


14. 


18. 
19. 


20. 


69; a) VP Gi) BAB (ву-308 (y) 3m. 


: 5 о АИ 
(vi) Э. (vii) a (1) — i» 


( 2x? + 32 x + 101 —0 ; (ii) 4x? — 20x + 1 = 0; 
(iii) x? — 14x + 43 = 0. 


13. 
12 


-1 
4 
зэ? 


5, 6 


CHAPTER SIX 


Exponential Function, Geometric Progression, 
Logarithmic Function 


6-1. In the previous chapter we have discussed some simple algebraic 
functions. We proceed now to discuss in this chapter two more functions, 
the exponential and the logarithmic functions and some of their proper- 
ties and applications. Throughout the discussion, unless otherwisee 
specifically mentioned, the domain of definition will be R, the set of all 
real numbers. 


6:2. The exponential function : 

Definition: The function f : x >a*, х= В and a > 0 iscalled the 
exponential function. 

‘a’ is called the base of the exponential function and is an arbitrary 
constant. We shall assume that the laws of indices for irrational index 
are the same as the laws for rational indices. In other words, whether the 
power “х” of ‘a’ is rational or irrational, the properties of the exponential 
function will remain unaltered. 

The exponential function f :x -> ах must not be confused with 
the power function f : x -> x". In the former, the base is ап arbitrary 
constant and the index is variable whereas in the latter the base is variable 
while the index remains constant. The properties of the power function 
are quite different from those of the exponential function. 

In the exponential function f : x -> ах the rule of function can be 
written as usual as y — a* , the symbol y standing for the image. The 
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domain of definition (that is, the set of values of x) as already stated 
is the set of all real numbers; ‘a’ is a positive real number. 

The value of a* and hence the value of image y isreal. Thus the co- 
domain of an exponential function is the set R of all real numbers and the 
range is a subset of R. Thus any object x and its corresponding image y 
form an ordered pair (x, y) in which each component is a real number. 
These ordered pairs can therefore be geometrically represented by points 
in a two-dimensional cartesian reference frame. 


6:3. We shall discuss this function through its graph under three 
cases : 


Cael: а> 1 


To fix our ideas, suppose а — 2: 
Then the function is defined by the rule y = 2*, xe К. 
To draw the graph of this function we consider the values of a few ordered 
pairs (x, y) choosing some particular real values for x and obtaining the 
corresponding values of y from the above rule. 


We can, of course, take as many real values of x as we desire, get the 

corresponding values of y, and plot the ordered pairs (x, y) in the two- 

dimensional rectangular reference frame. However, the nature of the 

function (and hence of the graph) can be determined by observing the 

mode of variation in y with respect to tbe mode of variation in x 

Studying the pairs of values tabulated above, we make the following 
observations : 1 ‘ 

1. Whatever be the value of x, --ve, zero, or —VE, the value of y 

is always -+-ve. Therefore the graph must lie completely in 

the +ve side of the y-axis, that is, in the 1st and 2nd quadrants. 


3. 


5. 
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There will not exist any portion of the graph in the 3rd and 4th 
quadrants, that is, below the x axis. 


As x increases, y increases fasterand as x decreases, y also 
decreases at a faster rate. The function is therefore an increasing 
function. 


As x decreases having —ve values, y decreases and approaches 


the value zero. 


But y can never actually be equalto zero, for no real value 
of х can make 2х equal to zero. Thus the graph of the function 
will be nearer and nearer to the negative side of the x -axis as х 
decreases having —ve values, but it will never meet the x axis. 


As y is never equal to zero, the function has no zeros. The 
graph will not cross the x-axis at any point. 


The point (0, 1) lies on the graph. 
These observations will hold whatever be the value of ‘a’, 


provided a >1. The table of values of the ordered pairs will 
of course be different for different values of a. 


From observation 5 made above, we see that whatever be ‘he 
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value of a, a* will always be equal to. 1 for x = 0. Thus (0, 1) 
lies on the graph of every exponential function. All the expo- 
nential graphs therefore meet at the point (0, 1). In the diagram 
are shown two exponential graphs corresponding to the values 
a=2 and a — 3. 


Case II : 8-1 

The rule, or the function, becomes у = 1* = 1. Notice that this 
is a constant function. So, when a — 1, the exponential function is re- 
duced to a constant function. Its graph is therefore a straight line passing 


through (0, 1) and parallel to the x-axis. It is left for the students to make 
the table. 


Verify that all the observations made Гог савс I hold in this case 
except observation 3. The function now is a constant function, instead 
of being an increasing function. 

Case III : a <1 i ¥ 
To fix our ideas we assume а = y- and form the following table 


1 
NOE Ag: 


256 An Introduction to Modern Mathematics 


Verify again that all observations hold as in case I, except obser- 
vations 2 and 3. In this case, the function is a decreasing function. 

As x increases with +-ve values, y decreases fast. The graph there- 
fore approaches nearer and nearer to the positive side of the x-axis but 
never meets it. The graph is as shown in the figure. 


In both the cases I and III, x-axis is said to bé an ‘asymptote’ to 
the graph. ` ! i 


6'4. Geometrical Progression : 


Considerjthe exponential function f : x > 2", x eI*, where I+ is the 
set of all --уе jintegers. As xassumes the successive values 1, 2, 3. . .. 
the images corresponding to these objects are obtained as 21,23,23,24,.... 
thatis2:4. 8, 16; Aas es 

This is a series in which every term (except the first) can be obtained 
by multiplying the previous term by 2. 
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Similarly, the function f: x2»3*,x«I* has the sequential range 
(refer to art 5-13, ch. 5) 
31,38, 33 St o ЕЛИ 
that is: 53,9, 27:81, 5 c pons 
which is a series in which each term (except the first) can be obtained 
by multiplying the previous term by 3. 


Such sequences as mentioned above are called Geometrical Progres- 
sion or G. P. The two following definitions of G. P. are equivalent. 


Definition 1: A sequence in which each term after the first is 
obtained by multiplying the' preceding term with a fixed number, is 
called a Geometric Progression. 


Definition 2. A Geometric Progression is the sequential range of 
any exponential function Kr* where K. is a constant, r is a fixed number 
and u is any linear expression in terms of the {variable x, where xel*. 


Though the second definition provides an approach to G. P. which 
is very useful in discussing certain aspects like convergence etc., it is the 
first definition which will be both simpler and more convenient for the 
purpose of the scope of discussion which we shall be restricting ourselves 
to in this chapter. Therefore, whenever reference is made hereafter of the 
definition of G. P. it will always mean the definition 1 unless otherwise 
specifically stated. 


6:5. From the above definition, it is clear that a geometric progres- 
sion must have a starting term called the first term, and а fixed number 
with which a term should be multiplied in order to obtain the next term. 
This fixed number is called the common ratio. 

Thus, in art 6:4, in the first sequence, the first term is 2 and the 
common ratio is also 2. In the second sequence of the same art., the 
first term is 3 and the common ratio is 3. In general, we shall use t, to 
denote the first term and r to denote the common ratio of the general 
GP (utt up be M. 


The п term : 
Let t, be the first term and г the common ratio of а С. P. which 


10 
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consists of n terms the nth term being denoted by t,.?Then, the formula 
for tp can be obtained as follows : 


Method I: шы т, в =I, LN 
t ta fs 
tn 
and so оп, — =f 
tn- 
Multiplying all these equations, 
fax fs y ta ino E. 
i х ü х Ч хх Ro то АМц 
. ty — үйз1 9, HUP -1 
м See кутт", 
t 


Method II : (the method of induction) 


We shall now prove the formula "= t; т"! by? the method of 
induction. ; 


Here, P4 is, tn = t r7. 
2. Ра) 18, tj—t, r^? = t, which is true, 


| 


Hol 1 @ Ms Coy a oda NN @ 
Let us assume P(m) 
Sar t SS EUER Ios, os (ii) 
Since the terms are of afG..P. with common ratio г, 
. ITE 
225 шү 
„ 


ПА ие Вх 
SO from (i), ща = tur! xr 
= tm 
But н = tr^ is nothing but Р(т--1). Thus P(m) implies 
BCL) еее И (I) 
From (i) and (iii), P(1) is true and P(m) implies P(m--1). 
Therefore t; = t, 1771 is true for all positive integral values of n. 
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Example 1. Find the 12” term of the series —1, 2, —4, 8, —16... 
This is a geometric progression in which t, ——1,r — (385 =—2. 


Therefore, the 127 term is given by 
ta = (71) C297? 


= [Dc 
= 2048. 
Example 2. Find the 10 term of a С. P. whose 3" and 6^ terms 
are 1 and — т respectively. 


Let t, denote the first term and r denote the common ratio of the 


It is given that t, = 1 and tg = — 2 Using the formula for the n’* 
term, 
{= AC) 
ала — 1 == ty T Хүй... (ii) 
8 
Dividing (ii) by O — — 4 
1 
ни 2 
Substituting in (i), 
1 2 
ty (5 5) = 
о 
2 10 term will be given by 


o 7t fn 


260 An Introduction to Modern Mathematics 


6:6 The sum of a С. Р. 


Let $» denote the sum of a geometric progression having n terms 
whose first term is t, and common ratio is г. 


Then, Sn = t -- tz tr + .....- +t, 7? +t, rst 
5 т.8 = t 0 tyr? eeu rer и ot or" 
Subtracting the terms of the second equation from those of the first, we 
have , 
Sn—1Sa= t,—t, 13 all other terms cancelling in pairs. 
22:89 (12) = 1,0 58554) 


о, 1)... (1) 


Obviously, this formula can also be written as 


S,- EODD... 


Since ta ==) t) 1^. 5, 
therefore the sum to n terms of the G. P can be written as 


_ t-r”) 
Е 


. 


What happens when r = 1 7 


Example 1. The sum of the first 6 terms of a С. P. is 9 times the sum of 
the first 3 terms. Find the common ratio. 


Let t, be the first term and г be the common ratio, t 
The sum of the first 6 terms, i. e. 


ею) 
Se= ал 
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and the sum of the first 3 terms i.e. 


S t; (1 — 1°) 
КОДЕШ) 

Since S, = 98; 

.41-19 000-2) 
QUAE SERERE нр 1-1 


5 (41-19) = 9. (1—19) 
either 1 — 13 = 0, i. e 13 = 1,1. e r= 1 
or 14-13 =9 sothatr = 2 


Since r — 1 is inadmissible 
RO Ut pn 


Example 2. The continued product of three numbers in G. P. is 
216 and the sum of the products of them in pairs is 156. Fnd the numbers. 


Let the numbers be E ‚а, аг 


and f а+а а + ar 23.1565, csse (Beh 
from (i), a? = 216 
..u-6 
136 
Hence from (ii), E + 36r + 36 = 15: 


2. 312 — 10r-+ 3 =0 
nQGr—1 (0-3) —0 


сог 5 ог 3. 


Их = ^ , the numbers are 
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If т = 3, the numbers are 
2, 6, 18 
6-7. The Geometric Mean : 


The terms of a G. P. between any two fixed terms are called the 
geometric means between those two terms. 


If a, b, c, are any three numbers in G. P. then b is the geometric 
mean (G. M.) between a and c. 


Since а, b, c are in С. P. therefore 


boc 

тв 

b? = ac 
Minas АЙ ас улде ны (А) 


Thus the geometric mean between any two numbers is equal to the square 
root of their product. 


Example 1. Find the geometric mean between rae and aa 


Using the formula (4) of art 6:7, 


the geometric mean = | 2 х 231 
4 

1223 

442 


23 2 
- Жы 4/2 
Example 2: Insert 3 geometric means between 2 3, and : 
Let G,, Gs, Оз be the required geometric means. 


9 
So, 47? Gi, Gz, Gs, hs are in G. P. 


By the formula for the nth term, we have 
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4 9 
T DELI 


r 2 

3 
Hence, бү 2. 0.23. 2 - > 
9.=961= 3.3 1 
БЕ а = 


Thus the geometric means are » 1 2- 


6:8. Geometric progression with infinitely many terms : 

We have discussed and evolved a f. ormula for the sum of n terms of a 
geometric progression. Throughout the discussion made, n is necessarily 
a finite positive integer. We are now interested in finding out if the sum 
of infinitely many terms of a G. P. can be expressed as a single number, 
and if this is possible, then finding out the formula giving it. 

Let us consider the G. P. 

tp ta, tir are 
We shall consider it under two cases. 


Case I. If |r| >1 then magnitude of each term is greater than the 
preceding term. The G. P. therefore, becomes an increasing G; P. 
and the sum of infinitely many terms cannot be approximated to a num- 


ber having à definite value. 
If|r| = Бай the terms are equal and the sum cannot again be ob- 
tained as a number. 
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Case П. If|r| <1, then the terms become smaller and smaller 
in magnitude. So, if the number of terms n is inconceivably large then 
the whole sum tends to a definite number. For example, consider infinitely 
many terms of the G. P. 


xi ndr Fea 1 
439 99 лол ЗӨТ" 
We have, from the formula for the sum to n terms, 
| 
JC BOLA Mesh 
aed qun ir 
уел Tu 
1—1 1-4 
-4-040у 
= 4{1—@)"} 


As n gets larger, ( 4)" becomes smaller and smaller. In fact, (3)* can 
be made as small as we please by choosing n sufficiently large. So, 
when n becomes infinitely large, (1)" becomes negligibly small and can 
be taken to be zero, so that the sum of infinitely many terms of this G.P. 


becomes $. This is written as Limit S, = 5 
n- 00 


The same process holds for the sum of infinitely many terms of апу 
geometric series in which |r| <1. 


Consider the expression for the sum of n terms of the general G. P. 


If n is increased indefinitely, r^ decreases indefinitely, t; and г re- 
я 
maining constant, so that аг decreases. 


Ultimately, as n becomes infinitely large we have, as above, 


ye ——————-— 
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So that the sum becomes 


S= Lm & = И: «1 © 


n- o0 
Examplei: Find the sum of infinite terms of the G. P. 16, —4, 1... 
4 1 
Here; Чүл, “ет 


Since |r| - € 1, therefore the sum of infinite terms of G. P. 
exists. By formula (5), of this chapter, the sum is given by 


Ehe t 
S fri үү, 
16 
i qal 
те, 
AN 64 
75:72: 


n 


Example 2. Convert the repeating decimal 6:272727....into | 
equivalent common fraction. 
The given number 6: 21 са: 
an infinite G. P. For, 
627 = 6 + 27 үн -000027 + «+++ 


n be represented as the number 6 added i: 


= 6+ о + Doro Esp Т -] 


18 27 
64- [5 ep. m "108 qur 251 


ackets is an infinite geometrie 


| 


The series written within the square br 


а : 27 
progression in which t, = 0r 
' 


DIOP Mon EH 1 
and f = 211108 = 10° so that 111 « 
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Therefore, 6:27 = 6 +. 


We therefore observe that every recurring decimal is a rational 
number since each of them can be expressed as a common fraction. 


Example 3: A ball, dropped from a height of 48 feet, rebounds 
one third of the distance it falls. How far will it travel before coming to 
rest if it keeps falling and rebounding in this way ? 


After the first impact with the floor, the ball describes each time 
twice the distance it rises in order to come in contact with the floor 
again. The sum of the distances described i is given by 


48 +2 [4-3 af Ст унае yes | 
2 [4 + 4-5 + 48 GJ en «гэ 


215 —48, using formula (5) of this chapter. 


= 96. 


S 


1 


ll 


6:9 Miscellaneous Illustrative Examples : 


Example 1: The sum of three numbers in G. P. is 38 and their 
product is 1728. Find them. 


Let the three numbers be 


a М 
Т? а, аг, 
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Therefore, t +а + ar = 38... (i) 


and ын x a х аг = 1728 ...(%) 


\ 


from (ii), а? 1728 
калк А? 


Substituting in (1), 
12 , 12 +1 = 38 
га 13: 670 


3. Qr—2) (2-3) = 


ны 
. 57083 2 


10371265 28 the numbers аге 18, 12, 8. 
Е г = >, the numbers are 8, 12, 18. 


Sum to n terms the series 4 + 44 + 444 d 


Example 2 : 
Let the sum be denoted by Sn. 
с. 8» 24-4 c 444 + eee continued to n terms. 
=4 (is 4d 4 Hl. оч ton terms] 
=> [9 + 99 4-999 + ...... “continued to n terms] 
шор 100-41) + (102—1) + (10?—1)...contd. to п terms] 
эр [10 +102 + 10° +......contd. to m ща] 


_ [шй у 
9 Е 
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ы = fara үш зед. 


Example 3: If x < 1, sum the series, 


1 + 3x + Sx? + 7х° + ...... contd. to infinity. 
Let = 1 + 3x + 5x? + 7x9 + ...... contd, to oo 
xS = x + 3x? + 5x? 4 ...... contd, to оо 
A S—x'S = 1 + 2x + 2x? + 2x? 4... contd. to co 
7 S (1—х) = 14+ 2 fe +x? + x? + п... contd. to oo) 
ата 
П 
1+ х 
ЕЕ 
1+ х 
WES. 


The above series is typical of the series in which each term can be ex- 
pressed as the product of two factors such that the first factors of all 
the terms constitute an A. P. and the second factors of all the terms con- 


stitute a G. P. Such a series is sometimes called an "Arithmetico- 


geometric series." Y 


EXERCISE 
l. Sketch the graph for each of the following functions. 


@ 3%, 09) (=). (iii) (sy 


_ 2, Find tn and 5, of the geometric progression 
с(1-4), c (1+d)%, с (15-9)... . 
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3. Sum the following geometric progressions : 


Е lo—4bh3.—- to 9 terms. 
та 2 1 
Gi) уз, 5 ES VENIRE to 7 terms 


4. Continue to 3 more terms the series 


LIN DL даг: 
125” 28” guis cu. 
5. Find t, and S, of 
1, 41, 101, "001, 
1 1 1 
6. И — шш = 
x+y F Yer 


х, у, 7, are in G. P. 


, then show that 


7. Find the geometric means between the following paits ot 
numbers: 


e 


(3) 4, 1s G4 9; 0803,12 
+ 
Э 57 


3 5) 
? MEI (v) 135 


— 


8. Insert three geometric means between : 3 and £. 


9. Insert two geomteric means between : 1 and 21 


10. Insert four geometric means between: - 2 and ae 


11. Insert three geometric means between : E and Ae 


12. Find the value of y so that 2y + 5,4y + 3, 8y —7 will form 
a geometrical progression. 
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13. 


14. 


15. 


16. 


17. 


18. 


19. 
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In a geometric progression, the third term is 2 and the 
7th term is Ён Find the 5th and the 8th terms. 


The 4th term of a geometric progression is 2, and the 6th 
term is 8. Find the first three terms. 


: : 1 1 2 4 
In the geometric progression — о y" 


/ 2028 
which term is 3, ? 
Prove that for two unequal positive numbers a and b, the arith- 
metic mean is greater than the geometric mean. 


[Hint : (/a— Vb y >0] 
Jf you are to choose between two jobs in one of which the 
salary is Rs. 1000 per month and in the other it is on daily 
basis such that the first day it is Re. 1, second day Rs 2, third 
day Rs. 4 and so on, each day the salary being double that of 
the previous day, which job will fetch you тоге money, if you 
wish to work only for (i) a week, (ii) a fortnight, (iii) a month ? 


If a and b be the first two terms of a С.Р. in which there are 


n terms and | be the last term, then show that b = AC =н 
AE 
01—19) 
Prove the formula Sn = EN ER л of Art. 6:6 by the 


method of induction. 


If a, b, c, d are in С.Р. show that 20:9 _ ate. 
b? —c? b 


Show that in any С. P. tn, ton, t4; themsleves form а С. P. 
If a, b, c, d are in С.Р. then show that 
(b — с)? + (c — a + (d — b? = (a — dy? 


—— 
— — § 
Ы 
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23. Та, b, c, d are in G. P., then prove that 
a? — b?, b? — c?, c? — d? are in G.P. 
24. 1f S be the sum of an infinite number of terms of a G. P. and 
д the sum of the squares of the terms, prove that 
а Е осы 
— +o 62-с 
25. If Sy, $» Ss be the sums of n, 2n, 3n terms respectively of a 
G. P., prove that S; (Ss — 8s) = (Sa— 81)? - 
26. Sum to n terms: 
O 3--33 4-333 + ne 
О-о ips SMa AA gaat see 
27. Find the sum of n terms of the series 


1 КОШТ 
PA (1+1) i (1+5 tx) EE LORS 
P гт 
int:tsg—l-c + 58 += ия ЭЭ 


28.. The sum of an infinite geometric progression is z and the 


first term is 3. What is the common ratio? 

29. The middle third of a line 1 ft. long is erased. From each of 
the two remaining thirds, the middle thirds are erased. From 
each of the 4 remaining parts, the middle thirds are erased. If 
this erasing continues for 10 times, what will be the sum of the 
lengths of the remaining line segments? 

[Hint: the required sum = 1 — (sum of the lengths erased). 
Note that the lengths of the portions erased form a G. P] 


30. Sum the series 
1--3х --6х24-10х34-.. -. .. contd. to ©. (x«1) 


31. Ify-xLxX--X- Sa contd. to со where:x is 


positive and less thanl, prove that x = xr 
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32: 


38. 
34. 


35. 


36. 


10. 


11. 
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Convert the repeating decimal 3:242424.. . .into its equivalent 
common fraction. 
Express as а proper fraction the recurring decimal 0-555.... 


If the p^, g^, r terms of a G. P. are themselves in С. P. then 
prove that p, а, т are in A.P. 


In a G. P. if S, P and R denote respectively the sum, the product 
and the sum of the reciprocals of n terms, prove that 


S n 
охь 
р -(8) 
If a, b, c are in A. P. and a, x, b and b, y, c are in С.Р. show 
that x? , b?, у? are in A. P. 


ANSWERS 


ta=0 (1+4), $,— 5 (1+4) CI Ed -1). 


171 1093/3 
236:1:0:5: 87291107 
—1, 5, —23. 

1 10"—1 

Tet? 9-101" 

2 
OF Фо 096 (и) 5, ML 
3 2 3 
3 1, 3" 
И 

За 
11:47 у 
6”2118 84062 
"uo 
Qu 4? RS 
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12. 22. 
8 

8. 1, v 

от 
14. 4’ 2? jm 
15. 10. 
17, 15, 294, 2nd, 

. 10008-1 
55 SO шү 


AU 7 1 
G) 07 8 (1 шар 


2/:728:56 Шил 


= 
| 29. ( 3 Ji 
ас 


, 


vw go 


6:10. The Logarithmic Function : 

In art. 6:2 we discussed the exponential function y — a^, xeR 
and а> о. In this function, the values of the exponent x constitute the 
domain and the values of y (that is a*) constitute the range. Let us now 
consider the inverse function in which the domain and the range are 
interchanged. 

Consider, therefore, the function x = аэ, уе Randa>0,a41 
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For reasons which will be obvious shortly we put the restriction a1. 
on a > 0 in the exponential function x = а”, the domain being the 
set of real values of the exponent y and the range the values of x (that is 
а>): If now the domain and the range are interchanged that is the set of 
values of x (that is а») is made the domain and the set of values of the 
exponent y is considered to be the range, then the correspondence ob- 
tained by the rule x = а” will be a function. Because, for any positive 
number x and any positive number a-41, there is one and only one real 
value of y which satisfies the equation а> = x. [Would this have been true 
if we had allowed “а? to be equal to 12| 

So, given a fixed value of ‘a,’ any object x will correspond to one and only 
one real number y, and thus, the association x — a» with values of x 
as domain and values of the exponent y as the range is a function which 
has been obtained by interchanging the domain and the range of the 
exponential function. 


The equation а” = x can be solved for y and we can express y in 
terms of x and a. We then call y the logarithm of x to the basea and write 
y = logax 

We thus define a new function as follows: 
Definition : The function F : х-+ logax where x > 0, а>0, and 
а #1 is called the logarithmic function. 


It is clear from the discussions made above that the exponential 
function f : x— a* and the logarithmic function F : x > 1орах are inverse 


functions in the sense that the domain of one is the range of the other 
and vice-versa. 


Also, algebraically, the two expressions x — аэ and y = logax 
are equivalent. Thus, writing 9 = 3? is same as 
saying 2 = 108,9. 


1 1 үлэ 
Saying loi ( ш) 18 same as saying 4 = logs (2) 
Saying Іор; 125 = 5 is same as saying 59 == 125 


5 3 
Saying logi (2) — 3 is same as saying ( : ) = y; 
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This eqivalence makes evident many of the properties of logarithms 
which we shall be considering later. Let us discuss the graph of the 
logarithmic function before going over to the algebraic properties of 
the logarithms. 


6:11. Graph of the logarithmic function: 
Let F:x-logax,x > 0, а>0 andazl. 


then denoting as usual the image by y, we have, у = logax, 

which is the same as x = а>, an expression exactly the same as the 
exponential function with the positions of x and y interchanged. In 
drawing the graph of the logarithmic function y — logax 

we have actually to draw the graph for the function x = а” (remember 
а-21) and therefore we expect the graph to be a curve which behaves 
with respect to the x-axis as the exponential curve does with respect to 
the y-axis and vice-versa. In other words, if the axes of x and y were 
interchanged, the exponential curve becomes the logarithmic curve 
and of course, conversely. 


The only basic difference in drawing the curves of the exponential 
and logarithmic functions is that for the former, a curve corresponded 
to the case a — 1; whereas for the latter since it is defined under the 
restriction a Æ 1, no real curve can be drawn when a = 1. 


We therefore, consider the graph of the logarithmic function under 
the following two cases : 


CaseI: а>1 
Leta —2 
The logarithmic function is Е : xlogax 
that is, y = log;x 
that is, х = 2°. 
We tabulate a few ordered pairs by taking some chosen values of 
x (i.e. object) and obtaining the corresponding values of y (i. e. image). 


observing the variation of y with the variation in x, the following general 
rules about the graph can be formed. 
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(1) The graph lies entirely to the right of the y axis (since by de- 
finition, x > 0) that is, in the I* and 49 quadrants. It does not exist 
in 274 or 3'4 quadrant. 


(2) As x increases, so does у. The function is therefore, an increasing 
function. For values of x greater than 1, y is positive while for fractional 
values of x less than 1, y is negative. So, for all values of x > 1 thecurve 
lies below the x-axis. It crosses the axis of x at (1,0). 


(3) The function is not defined for —ve values of x. 
(4) The function has only one zero and it is at x = 1 


(5) Whatever be the value of a, the point (1, 0) always lies on the 
exponential curve. 
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(6) Since only x is equal to x, therefore log,x—1 
i.e. logarithm of any number to the same base is always equal to 1. Thus 
y will be equal to one when the value of x is the same as the value of the 
base a. The property logy x = 1 will be proved algebraically later in this 
chapter. / 

(7) The curve never meets the y axis since 29 can never be zero. 

The geometrical interpretation of the logarithmic function for 
a — 2 and a — 3 are shown below. 


Note that the y axis is an asymptote to the curve at its negative 
side. 


Case П :a <1 


eee 


2 then the values of y corresponding to those of x are given 


by 


АЦ observations except (2) are exactly the same in this case as in case I. 
The Observation (2) changes because in this case, while the function is 
an increasing function, the curve lies to the —ve side of the y-axis for 
values of x greater than 1 and it lies to the +-ve side of the y-axis for +-ve 
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values of x less than 1. So for all values of x > 1, the curve lies below 
the x-axis and for all values of x < 1, the curve lies above the x-axis. 


The graph can be drawn as shown in the figure. Note that for each 
a« 1 the y-axis is an asymptote to the curve at its positive sidc. 


эх 


‚ 6-12. Besides the functional properties as mentioned in the last 
article, there are several other properties of logarithms that can be proved 
algebraically. These properties, stated and proved as follows, help very 
much in computational problems. 

Property 1: The logarithm of I to any base (except base 1) is zero 
Let logal =x, a»0,a = 1. 
Then a* — 
So that x — 0 


Thus logal = 0 where a is any --ve number. 
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Property 2: The logarithm of any number to the same base is 1. 
Let loga a Ё РА) 
Then,a* = a 
Sothatx — 1 
Therefore loga а = 1 
Logarithm of zero is undefined. 


Property 3: The logarithm of the product of two quantities is 
здра! to the logarithm of the first quantity added to the logarithm of 
the second. 


That is, Тора uv = loga u + loga V, a > 0, where и and v are апу 
two +ve numbers. 


Let log; u = х and loga v = y 
" u = a* and v = а 
uy = a*:q* = atty 
loga uv = x + y 
log, uv = 1084 и + loga v 
| Property 4: The logarithm of the quotient of two quantities is 


equal to the logarithm of the^numerator minus the logarithm of the 
denominator. 


That is, loge E = logau — logav; a0. 


where u and v are any two --ve numbers. 
Let loggu = x and loga V = y 
u = a and v = @ 
u ах 


шиш PES GF) 


У ay 
loga pus =х—у 
У 


loga ER = logau — logav 
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Property 5:. The logarithm of a power of a quantity is equal to 
the power multiplied by the logarithm of the quantity. 


That is, loggué = p logat; a» 0. 
where u is any positive quantity and p is any real number, 
Let loggu = x 
u- at 
n п? = qx 
loga(ub) — xp 
loga(u£) = р loga“ 
Property 6: Тһе logarithm of any quantity to a given base equals 


the product of the logarithm of the same quantity to any new base and 
the logarithm of the new base with respect to the given base. 


That is, logam = logym Х 10865, a>0, 4 1; 9»0, 5 1 
m is any + уе number. 3 
Let logam = x and logom = y 


m = а“ and m = b” 


a = Б> 

и. gal» = b 

M 

^. loggb = = 
hese х= у 10869 


г. logam = logym Х 1026 
If m = a, then we have 
logaa = logia X logab 
4^ 1 = loga X logab 


Ng 1 
-. logab 
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6-13. Examples : 
(1) Express as a single logarithm | 
logex + 5 log» (х + 2) — 3 logy x? . 
By Property 5, 
logex + 5 logs (x + 2) — 3 logox’ 
= logsx + loge (x + 2)? — logy (x*)) 
= logy x (х + 2)5 — logix? by Prop. 3 


== logo el» by Prop. 4 


(2) Simplify : 
(54-3У (67) 
10210 (83.77) (23-4) 
By properties 3 and 4, we have 
(54-3 (67) 
logu (8577) 23-4) 
= logy (54:3)! + 10810 (67) — logi (82:7) — 108 (23:4) 
Р = 410010 (54:3) + 05067 — logio (82:7) — 10810 (23:4) 
(by prop. 5) 


=4 10810 710. + logio 67 — log 30 — logis 10 


== 4 logy, 543 — logy, 10] + 108 67 — [logo 827 — 108: 10] 
— [logio 234 —logi 10] (by prop. 5) 
= 4 log, 543 — 4 + logy 67 — 108 827 + 1 — logi 234 + 1 
(by prop. 2). 
= 4 105 543 + logi 67 — 10810 827’ — 108 234 — 2. 
6) If x = logyg 36 find the value of x. 
| Неге loge 36 27 
| /. (М6)* = 36 
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EXERCISE 


l. Sketch the graphs of the following functions. 
(i) y —logx, (i) у = log, x 
(iii) y = logix, (iv) y — logix. 
2, Express the following equations in terms of logarithms 
$325 аа qn ( E BE 
Gv) 10° —100, (у) Qe — 1 
(vi) 10-2 = -01, (vii) 10-3 -001 ‚ (viii) t» = К, 
3. Express in exponent notations the following equations. 
(i) log; 32— —5, (ii) logy (8) — 3. 


(ii) logy, 3 = 3, (iv) log, 64 = 3. 


(У) logs 1 = 0, 


4. Find the value of x in each of the foll 


owing equations and ex- 
press it free from logarithm. 


(i) log, x = 3 (ii) log; x = — 2, 
(il) 108,32 = — 2, (iv) loge 81 = 2, 
1 
(9) log, d э, (vi) log, 81 = x. 


(vii) log, 128 — x, — (uiii log, ( +) ын 
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5. Assuming the law for the logarithm of product, prove the 
following law by the method of induction. 


Іова m" = N Іова m. 
Express each of the following as a single logarithm. 
6. 4 log,,a— 3 log,,b 
7. 210» х + 5logm y + logs 2 
1 2 
8. 3 log; m — 3 loga n 


9. 5 (logs x + loga 2) — loga 2b 


1 1 1 
10, ploeet—2( 5 log, m + 5 loge n ) 


11. 3 (4log, a — 5 log,, b) + (7 logy c — 3 108m d) 
Simplify 


12. 1ор (23 x 10-5) 


13. loga ——4—-— 


log, (54) GD* 


` (20)? (30)? 


Ae 


14. 


1 
15, logio УЗИ х 220. ) | 
4/729 x 64 


15): ви gray c 


< 


17. Prove that 4 5 20 4 
31og 35 + 2108: 49 — log 343 — 2 log, 5 


403 1049 =1 


18. If x, y, z arein С.Р., prove that 
log, X, loga у, loga Z are in A. P. 
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х 


ANSWERS 


2. (i) log,25 = 2, (Ш) log. ( mu) XE HS 


81 5 
(ii) log; 16 = —4 (iv) log, 100 = 2, 


(v) logs 1 ES 0, (vi) logi, "01 = 552 
(Уй) 1овь-001 = —3, (ий) log k = m. 


3.0 (3 у = 32, (i) (64 —g, 
(0) (27) =3, (іу) 4. 64, (v) 36° — 1, 


50:50 iab i (iv) 9, 


64” 
(v).16, (vi) 4, (vii) 7, (vii) — 1. 
at 
6. log, ps 


7. log, (x? yz) 
m \їз 
8. log, ( P ) 


x5 25 
9. log, 152) 


t ua 
10. log, m 2 п 


al? с7 
11. log yis gs 
12. log,.23 ce Мор onus 1ор 2 
6 log 2 + 3 loga 5 +3 log, 3 


5 
14. log, 3 — 73104108 01:25:50) 5 


? | 
13: IS; ( т log уы log, 220 
16. 2 (log, 3 + log, 2) — 4 (logo 7 + log,, 5) 


g. 


CHAPTER VII 


Limits and Derivatives 


7-1. Example 1. Let f(x) be a function of x defined by 
2 


X 
1(Х)2-5 3 1130253, KER: 


хот 
Clearly, the function is not defined at x — 3 and hence f(3) does 
not exist. But we can find a number to which the values of f(x) approxi- 
mate for the values as near to x = 3 as possible, although at x —3 
itself, the value does not exist. Consider the following table. : 


3.2 


2.9 |2.99 | 2.999 |2.9999....... | ...... setti 3.001| 3.01 | 3.1 | 3,15 


pues eo 1248 Rue ea ин | 3.0001 


| 
X | 2.8 2.85 


| | | 
fo) 5.6 m 5,8 2 5.998 6.3 | 6.4 

oe foe | | 

It is obvious from this table that as x approaches the value 3, f(x) 

assumes values nearer and пеагег to 6. 80 we conclude that the value of 

f(x) must be very nearly equal to 6 for x close to x — 3. We term this 

as “The value of f(x) tends to become 6 аз x tends to 3", and write it as 

lim f(x) — 6. 
x3 
Thus, though we do not know the value of f(x) at x — 3, we can guess 


6.0002 6,002) 6.02 | 6.2 


5.9996... 
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it to an accurate approximation by observing values of f(x) for a number 
of values of x in a close surrounding of x — 3. 

Example 2: А particle moves along a straight line under the law 
$ = 3t? where t is the time elapsed from its Starting position and s is 
the distance described in time t. Find the ivelocity of the body at the 
instantjt = 4 


tes 
o а в 


If the velocity of a body is uniform, it is given by the distance travelled 
during a certain length of time divided by the time in seconds. If, however, 
the velocity is not uniform, as in this problem, then to find the velocity 
at any point A (at the instant t — 4) we consider the time takeri by the 
body to travel a distance AB where B is some other point near A on the 
line of motion. The distance AB divided by the time taken to traverse 
this distance is the average velocity over AB. Since. the velocity of the 
body is changing at every point, the average velocity over AB will not 
be equal to the actual velocity at A. But if B is taken very near to the 
point A, that is, if the distance AB is taken very small then the average 
velocity over AB will approximate to the velocity at A and the nearer 
B is to A the better will the approximation be. In other words, as B 
approaches A, the approximate value approaches the value of the 
velocity at A. 4 

Consider therefore а point B which is arrived at by the particle at 
time (4 + В) seconds (> 0), 

Since the distance is given by s = 36, 

Distance ОА = 3-42 — 4g ft. f 
and Distance OB — 3:44 +h)? 48 + 244 + 3h? ft. 


ү Distance АВ 
2. Ave locit 5 = — tsi) 
so time taken to traverse AB 
48 + 24h + 3h? — 48 
= _——————— ы. T 
“ЕВЕ 


= 24+ ЗН ft/sec?, 
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As explained above, this average velocity will Бе approximately 
equal to the velocity at A provided B is quite near to A. Let us now take 
B nearer and nearer to A, that is, take h smaller and smaller, find out in 
each case the average velocity over AB and approximate out the velocity 
of the particle at A. 


h in secs AB in ft Average velocity over AB in ft/sec? 
( given by 1 

OE 2:43 24-3 

0-01 :2403 24-03 

0.001 -024003 24-003 

0-0001 -00240003 24-0003 


Thus, as h becomes smäller and smaller, AB also becomes smaller and 
smaller, (meaning that B approaches A). From the table above, as B 
approaches A, the average velocity over AB differs less and less from the 
value 24 ft/sec. We therefore conclude that the velocity at A is 24 ft/sec. 
This is also expressed as “ће limit of the velocity as time t tends to be- 
come 4 secs, is 24 ft/sec.” and write itas lim (velocity) = 24 ft./sec. 
t> 

The velocity of the particle at any other instant of its motion may 

similarly be found. 7 


7-2. The two examples above show that, if any expression in terms 
of a variable is undefined for a certain value of the variable then the 
number to which the values of the expression approximate for that value 
of the variable can be obtained by considering a great number of values as 
near to the required value of the variable às possible. In ex. 1 of the last 
article, we required the value of f(x) at x — 3. So we chose a number of 
values of x as near x = 3 as possible and watched what sort of corres- 
ponding values we get for f(x). Since the values of f(x) we got, clustered 
around 6, we concluded that f(x) approximates to the value 6 as x 
apprcaches the value 3. 


Tn ex. 2. of the same art. the values of t are chosen in the vicinity 
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of 4 to crowd round t= 4 and correspondingly we find that the values of 
the velocity adhere around v — 24. In fact, closer t is to 4, nearer 
vis to 24. We therefore conclude that the velocity of the particle is 
24ft/sec when t = 4 sec. 


37-3, Interval: We know that the set of real numbers is equivalent 
to the set of points in a straight line. Each real number can be represent- 
ed by a point in a line and each point of a line represents a real number. 
If P and Q are any two fixed points on a straight line P lying to the left 
of Q, then the set of all points between P and Q forms a subset of the set 
R of all real numbers. 


? 3 а 
Let P and О represent the real numbers a and b respectively, а preceding 
b. The set of all points between P and Q is equivalent to the set of ай 
real numbers between a and b, and this set as mentioned before, is a 
subset of В. Such a subset (of ай real numbers lying between two fixed 
real numbers) of R is called an “interval.” 


The question now arises as to whether the numbers a and b should 
themselves belong to the interval. To provide an answer, we make the 
following classification: 


(i) If the end points а and b belong to the interval then it is called 


a closed interval and is denoted as [a, b]; by putting a and b within a 
box bracket. 


А Е 
/. [a, b] = {x/a< x <b} 


ü) If the end points a and b do not belong to the interval then it is 
called an open interval and is written as (a, b), by putting a and b within 
a round bracket. ~. (a, 0)-1Х|а« х «b) 


ПОЛО (рч лээ L a 


b 
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(iii) Ifa belongs to the interval but b does not, then it is called a 
s miclosed (or semiopen) interval and is denoted as [а, b) 


[а, b) = {x |axx<b} а toe 


Another semiclosed interval is formed if а does not belong to the 
interval but b does. It is denoted by (a, b] 


(a, b] = (xla c x b) KIEL rgo uo Re INE 


Since an interval is nothing but a set, every property of a set and 
operations on sets are applicable to intervals. Also, since there are an 
infinite number of points between any two fixed points on a straight 
line, every interval is an infinite set. 


Illustrations : 
1. [a,b] U[b, c] = [а, c] 


2. [a,b] U (b, c] = [a, cj = [а b) U [b. c] 


RENTEN ерк ELE TIS с— 


a b 0! 


3. [a, b) U (b; c] = [а, c] tb) 


Poa E лесе сүзе 
à b “0207 


4. (a, b) U (b, с) = (a,c) ~ (b) 
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Їа, b] N [b, c] = {b} 

Їа, b) N [b,c] = 9 = [a,b] N (6, c] 

(а, b) n [b, c] = 0 = (а, b) N [b, c] = (a, b] N (b. с) 

(a, b) n (b, c) = 0 = [a, b) П (b, c] = [а, b) N (b, c) etc. 


9 ча uw 


*7. 4. Neighbourhood E 


In everyday life the word "neighbour" means a person who stays 
close to you. "*Neighbourhood" gives us an idea of closeness, nearness. 
А house is in the "neighbourhood" of your house if it is near your house. 
How near should a house be to your house so that it may be said 
to be in your "neighbourhood"? Generally, there is no hard and 
fast rule to be applied to the distance between two houses before one 
can be said to be in the neighbourhood of the other; although in- 
tuitively we always understand any sentence using the word “neigh- 
bourhood". Take another instance. We frequently use phrases like “India 
and Ceylon are neighbouring countries" ; “China is a neighbour of India”. 
Would you call a house to be in your neighbourhood if the distance 
between this house and yours was separated by the length of the Bay 
of Bengal that separates India and Ceylon? Or, if the two houses were 
situated at a distance equal to that occupied by the Himalayan ranges 
that separate India and China? Obviously not. What we mean is that 
the word “neighbourhood” in ordinary language has a very flexible 
meaning. While always meaning “closeness”, it is used to signify varied 
degree of closeness from context to context and is intuitively understood 
depending upon the reference of the sentence it is being used in. In 
mathematics too the word "neighbourhood" is used to imply ,‘‘close- 
ness". But before it is used, let us define it rigorously so that when we 


speak about * neighbourhood " we shall know what exactly we are 
speaking about. 


Definition : Let ‘a’ be any point in the real line, and 6 be any 


positive real number. Then the open interval (a — 8, a + 5) is 
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said to be the “5 - neighbourhood of а” and is written in short as 
* 8- nbd of a " or, sometimes as х, (а). 


Referring to the last article, we thus have, 
$-nbd of а = (a — à, а 8) (x | a—S<x<a+5}. 


Note that: (i) “Neighbourhood” is an open interval. Hence, it 
is a set of an infinite number of points. 


(ii) The end points are situated symmetrically about ‘а’ on both 
sides of it but do not themselves belong to the neighbourhood. 


(iii) The condition аб x a--8isequivalent to the condition 
| ха | «9. x 


For, as |x—a |is the absolute value of (x—a), the quantity 
(x—a) can be positive or negative (or zero, which is a trivial case since 
$730) Now, if (x—a) is +ve then | ха | = х —a so that 

| ха| < $ means (x—a) <ð. ie x-«a-9....(i) 
and if (x—a) is —ve, then | ха | = — (x—a) 
so that |х-а| <3 means —(x—a) <ô i.e. x—a > — 


combining (i) and (ii), 
|x—a| «8 means a—d <x <а+ӧ. 
Conversely, a—6 «x < a+6 isa combination of the two conditions 
x«a-8 1 
and x>a—6 . 7 
which mean, together, | х-а| 8. 
So, a—d<x<a+d 15 the same as | ха| <ô. 


Therefore we write 


ó—nbd. of a = (а—б, а--5) 
‚= {х ^а <x<atd} 
| cones | |х-а| <ô) 


2: 
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Illustrations : ig 
1. Does 3 belong to the (i) -0l nbd of 4? 
(1) +25 nbd of 3? 
(iii) -89 nbd of 2? 
G) «01 nbd of 4 = (4—-01, 44-01) 
| = (3:99, 4-01) 
= (x|3:99«x«4-01) 
1 d Jai 


3 3.99 


Obviously, х=3 does not belong to this set 
~ 3 £ (01 nbd of 4) 
(1) :25 nbd of 3 = (3— 25, 352529) 
(2:75, 3-25) 
{x [2:75<х < 3-25} 


at E hs 


Since 2-75 «434 3:25 
`. 3e (25 nbd of 3) 
(11) c 89'nbd. of 2 = (2— :89, 2 + +89) 
= (1-11, 2-89) 
= {x | L11<x <2-89} 


ll 


m Wn "den 


But x—3 4068 not satisfy the condition of an element of this set, 


2. ЗЕ (89 nbd of 2) 


If y=10x, and y lies in -1 nbd of 50, 
show that x lies in *01 nbd of 5. 


Ч ye *1 nbd of 50 
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ye (50 —.1, 50+ -1) 
50—.1<у<50- `1 
50— .1<10х<50--1 ( y = 10х) 


5— :01<х<5 + :01 
хе (5— :01, 5 + 01) 
x lies in ·01 nbd of 5. 


*7.5. Deleted neighbourhood : Let ‘a’ be any point on the real 
line. We know that the 8-nbd of ‘a’ is the open interval (a — 6,a+ 5) 


бек ал-5 


that is, the set of ай points between a—8 and a + 6 (except the extreme 
points). Now suppose the point ‘a’ is taken out of this set. Then the open 
interval (a—8, а 4-6) except the point a is called the Deleted 5-neigh- 
bourhood of a. 


Thus Deleted 8—nbd of a = (a—8, a+6) ~ {a} 
—(x|a—8«x«a-49 and ха} 
={x| [x-a] <6 and x—a #0} 
= {x |0< |х—а| <ô} 


*7.6. Letus now reconsider the two examples discussed in art. 7*1. 
Tn ex. 1, for values of x very close to x = 3, the values of f(x) are found 
to be very close to the numbzr 6. We make the following observations 
from the table giving the values of f(x) corresponding to those of x :— 

(1) When x lies in the interval (2.9999, 3-0001), f(x) lies in the 
interval (5:9998, 6:0002). Since a symmetric open-interval about a 
point is a neighbourhood, we can say that when x lies in 0001 nbd of 3, 
(x) lies in 0002 nbd of 6. Or, in other words, 
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“Corresponding to “0002 nbd of 6 there exists -0001 nbd of 3 
(except 3 itself) such that whenever х is in -0001 nbd of 3 (except 3 itself), 
f(x) is necessarily in *0002 nbd of 6.” In short, 


wheneder 3—-0001 <x «3 + -0001, we have 
6—-0002 < f(x) <6-:0002 

that is, 0< |x—3]| <-0001 implies 
| (х)—6 | «0002. 


(2) Exactly as above, whenever x lies in the interval (2-999, 3-001), 
f(x) lies in (5-998, 6-002) and hence we have, "corresponding to 
-002 nbd of 6 there exists -001 nbd of 3 (except 3 itself) such that 


0< |x—3| <-001 implies 
| f(x) —6.| <:002” 


(3). Similarly as above, whenever x lies in the interval (2-99, 3-01), 
f(x) lies in (5:98, 6-02), so that, 
"corresponding to +02 nbd of 6 there exists -01 nbd of 3 {except 3 
itself) such that 0 | x —3| <:01 implies 
100)-6 | <-02” 
We can thus go on taking nbds of 6 and find that whatever nbd of 6 we 
take there exists some nbd of 3 (except 3 itseslf—that is, a deleted nbd 
of 3) such that when x lies in the deleted nbd of 3 thus obtained, f(x) 
will lie in the chosen nbd of 6. 
In general, if є> 0 is any real number, corresponding tothe = nbd 
of 6 there exists a deleted 5 — nbd of 3 ($2 0) such that 
0< [x—3]| «68 implies | f(x)—6 | <є 
This, then, is the rigorous mathematical way of writing 
lim Ё(х) = 6 
x 


which we had intuitively written before. The same phraseology can 
be formed in case of example 2 also, by taking some more readings be- 
fore the value у = 24 (that is, for values of У less than 24) so as to get 
symmetrical intervals. 
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7.7. Definition: If f(x) bea areal valued function! of x then the 
real number 1 is said to be the limit of f(x) at x — a if and only if for 
= nbd of ‘I’ there exists а corresponding 6-nbd of *a' such that xe 8-nbd 
any ofa (but x Æ a) implies f(x) є є nbd of |. 


Equivalently: For any real valued function f(x) of x, if for any e» 0, 
there exists б > 0 such that 0 < | х—а | < 5 implies | fx)—1|«e 
then 1 is said to be the limit of f(x) at x — a and we write lim f(x) =1 

ха 

Illustration : Given f(x) = 3x is a real valued function of x, test 
whether 

lim f(x) = 15 
x25 
The problem is “given any €> 0, can we find a real no. > 0 such that 
whenever x lies in the deleted 5-nbd of 5, f(x) will lie in the є nbd of 15? 
For any є > 0, f(x) lies in є nbd of 15 means 


15—є < f(x) <. 516 БОТЕ 


се бе < Е 50 
à 15 € 15 € 
в а 50-Е 

4 є є 

ie 5—4 «Xs 5 


So, if we take 5 = -3 then 5—8 «x € 5 E 
We therefore have, 5—8 < x € 5-- 9 implies 

15—e < f(x) < 5 + e 

That is, x e 6 nbd of 5 implies f (x) € е— nbd of 15 


1. A function of which each of the domain and the range is the set of real 
number is called a real valued function. 
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"^ € 
Also, Since є >0, therefore оо >09. 


Thus, given any € >0, we have а (= 5 ) »0 


such that 0 < | x —5| < à implies 
|f(x) —15| «e 
dim f(x) =15 
Х--5 


Remarks: The «—§ technique is like a game being played bet- 
ween an unknown challenger say Mr. X and the Student. Mr. X writes 
down any real number (which is e ), the student has to produce a corres- 
ponding number (which is 8) such that the condition for the limit is 


€ 
satisfied. In the above example, 5 == `z is the secret possessed by the 
student from which he finds out what number to produce to fit into the 


- 3 
condition. Thus, if Mr. X writes 3, the student produces вре: 1: 
; 5 
if Mr. X writes 5, the student produces 3 ; 


6 
if Mr. X writes 6, the student produce 13: 180595 


and each of the numbers the student produces satisfies every time the 
condition that 0 < | x 5 | < ô implies 


О 3] e. 


7-8: Theorems on limits : The algebra of limits is given by the 
following theorems on limits of real valued functions. The proofs of these 
rems are outside the Scope of this book. We shall, however, assume them 
theoto be true and discuss some of their applications. 


lv lim x = g and! и к К, where К is 
х >а ха а real constant 


2, Jm [fG)*509] = lim f(x) + lim f, (x). 
х >а х >а х >а 
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3. lim ЇГ tx) — f (Х)|- BB um fy (X9: 


х >а x-a xa 
4. lim lim fj (x lim Р(х) 
и 
lim f(x) 
Dist Eg ж у асан : 
xoa fx) в f(x) Ой 
xa lim f; (x) 40 
xa 
a 5 m m X — |, х #0 and x is expressed in radians. 


Throughout the discussion on limits hereon, the functions will 
always be real valued functions, unless otherwise specifically stated. 


Examples : 
1. Find @ lim (x--21) (i) lim (х) 


о xb $ 
(1) lim | (9x?*— 13х42) 
x> 2 
G) lim О) Шо 21 (Th. 2) 
Xcx5 X» 09 959 
= 5. + авт) 
E 26 ; 
(i) lim x* = а (xxx) n 
x—b хэ 0 
-(215-)(С 
= (b) (9) (9) (Th:1) 
b 


Itcan similarly be proved that lim х” = b" 
xb 
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where n is any positive integer. 
(ii) lim (9 x*— 13 x 4- 2) 


Xx-——2 
= lim (— (х6 lim (13x) + lim (2) ( Th.2 & 3) 
"x к х>=2 x—2 


18 lim 9 

ЭН х => —2 Е. 
lim 13 lim 

Т“ М\х>—2 Ss 


lim (2) (Th.4&1) 


x —2 

Со (Th-1) 
= 36+26+2 

64 


2. Find lim z® — cœ 


zZz >с я бас, 


lim 22005 lim (z—c) (22-4 26+ с?) 
Z>Cc Ша хз; (2—с) (2+6) 
. lm Я | 
К Мыс ester e 296 
lim 


= £e (2-26 +6) 
Jic ТЕСИ ЖЫШ Th: 5. 

z-c 

с сес? 
туу 

3:c* 

2c 

3 

2° 
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Аш 
3: If £(x) о ОЛ 


and f(2) = 5, 
find lim f(x). 
х= 2 


Wehave, lim £ (х) = Ш 37-04 
x2 x2x—2 
шл (х—2)(х+2) 
x2 x—2 


lim (х +2) а. 
x2 


lim x +: lim 2 (Th:2) 
x2 


= x2 
= 2+2 = 4. 
Note that lim f(x) = 4, butf (2) E 


x d 
A 
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Thus, in any example, lim f(x) and f(a) may or may 


AC Pd 


not be the same. 


4. Find lim sin x — sin < 


x> x х— x К ЖГ 
: « х 
ў : Zinea р OOS F 
lim sinx— sin < _ lim 
xc 77-75 5-4 =x> < Re 
VK 
р 2.sin 
uen y 2 xt x 
ERU DUET х— < COS a OM 
2. sin x 1683) 
li 2 lim x+ < 
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KV lim Cos ENS 
ET x> x 2 
Put = = у then, as x > «<, у 0 
Ши sinx sin « | lim siny = lim х+« 
х > < x= x Bec, Op COT GONE QURE 2 
«+ x< 
= 1:005 ——5— 7 
510572 
== cos x. 


7:9. The derivative : 

In example 2 of art 7-1, the motion of a particle along a straight line 
ОАВ is discussed. The law’ of motion is given by S == 302, where S is the 
distance of the particle from the point O at time t. 


р 


o A B 


S is thus a function of ti, The value of S depends on the value of t. S is 
called the dependent variable and t the independent variable. 

The velocity at any point A (which is the position of th» particle 
atit = 4) is the rate of displacement at that point and, as we have seen, 
is given by 

у dim 3(4 4+ hy 3-42 

CROSS UTI ч) E И 
Suppose now that the specific law (connecting S and t) of the motion of 
a particle is not given, but we know that the displacement S is dependent 
on time t only. Then, sinceS is a function oft, we shall assume the law of 
motion to be 
S — f (t) 
f(t) standing for the unknown expression in t. 


1, It can be verified that S = 3 (2 defines a function, For, each value of 
corresponds to one and only one value of S. The set of values of t forms the domain 
and the set of values of S forms the range. The codomain is R itself 
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Sat A = f (t) and SatB = f t + B). 


Since velocity at А is the limit of the difference of the displacements at 
A and B divided by has h- 0, 


lim f(t-- h)— Kt f 
js УмА = 50 ЖОР eL) 


But velocity at A is the rate of displacement at A, that is, velocity 
at A is the rate of change of S with respect to T: 


* + rate of change of S at A with respect to t 


lim £(t +h) —f(0 
ТЕ UE 


The left hand side is denoted for convenience by i S, or, equivalently 


by E f(t) C S = f(0) and is called “derivative” of, or the “differential 


coefficient” of S with respect to t. 

7-10. Definition: Шу = f(x) bé any real valued’ function of x 
the rate of change of y with respect to x at the point (х,у )is then 
given by : 


мж лыг х f) Itis denoted by С f(x) or 2 y and is called the 


derivative of, or thedifferential coefficient of f(x) (or y) with respect to x. 


d _ lim f(x- h) — f(x) 
Thus, Ae f(x) a S orar ES 


Remarks : 
1 i f(x) does not mean it isa product of 296 with f(x). In 
шог dx 


à А а 
fact ‘dx’ is not a rea] number and neither is "d' so. The notation -y 
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is used as a symbol to denote the operation of differentiation and stands 
for the words “е differential coefficient of.” 

2. fis a function which maps the objects x into the images y. The 
domain is the set of values of x, and is R unless otherwise stated. The 
co-domain is also the set R. The range depends in each case on the actual 
law connecting x and y and is the set of values of y. 

3. Frequently, instead of using h, we write A x or бх (read 
delta х”) for h. In our discussion of derivatives hereafter, Ax will 
mostly be used instead of'h. The symbol Ax (as also the symbol h) 
denotes an increment in x. 

The symbols Ay and Az will, therefore, under this convention, 
denote increments in y and z respectively. 

4. Since a derivative is nothing but the rate of change of the de- 
pendent variable with respect to the independent variable, it is also called 
the “rate measurer”. 


5. The symbol 5. is written іп many other ways such as, y5 
2 f(x), f(x), Dy etc. 


6. Itis to be noted that Ax or ôx ог his an increment in the inde- 
pendent variable x and is therefore a real number although it is very 
small. Ax therefore obeys all the laws of the real number system and may 
Бе used for any operation defined in this system. 


On the other hand dx is not a real number; it is merely а symbol 


у d 
expressed in the form dx? and stands for the operation of differentiation. 


7. The process of finding the differential coefficient of a function 
from the definition is called finding the derivative ‘from the first principles’ 
or “ар initio”. Ё 


7:11. Illustrative Examples : 


(1) Find, from the first principles the derivative of the real valued 
function f(x) with respect to x given that f(x) = x? and hence find 
(0), f(5), f(—3). 


Here, f(x) =x? f(x + Ax) = (х + Ax? 
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1 2 2 
: =e f(x) = AE бу E 2-5 dfrom definition. 

lim x? + 2х: Ax + (Ax)? — x? 

~ ДАхэ0 xe aie’. AMETS 

д Tim Ax 2х FAs} AU 

Ax>0 AX ux 

- Шо (x + Ax) 

© (Ax+0 

Кешу дыт NOS 

~~ Ах>0 Ax>0 

к= Ду 


So, £(0)=2:0=0; 5) = 2-5 = 10; 
Ц-3) = 2:(— 3) =— 6 


Q) If f() = 5x +3, хє В, find f'(2) and (=) 


| Неге, х) = 5x +3 2 К+ Ax) = 5 + Дх) + 3 
© qu dm ва оиа 


Ax>0 AX 
„МЕ иа, mA 
2 Дх-0 Лх 
ER lim 
Дх- 0 
E. 
f'(X) = 5 hencef'(2) =5 and '( ai a Mis 


Note that the derivative of a lincar function is a constant. 


‚ (3). Find the derivative of : from the first principles. 


1 
Wee а) = л f+ A97 Lu AS 
259901 
XT Ax х 
AX 


d lim 
dx DES Ax 
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lim . X CE AX) 


i) Axo0 x: “(+ Ax): Ax 


dim. AE 
T Дх>0 x(x + Дх): Ax 
lim (—1) 
= Axo0 x(x + Ax) 
lim 
_ Ахэд (=з) 
lim х lim («+ Ах) 
= Ax-Ü  Дх-0 
ME 
e хх 
22:53 
т эт x? 


7:12. Derivatives of some standard functions : 
In the previous article we have seen that for any real valued function 
15) of. x, 
d у= lim к + Ax) — f(x) 
dx Ax>0 Ax 


With the help of this formula, we now proceed to find the derivative of 
some standard functions. 


l. Derivative of x^ | being a + ve integer) 
here, fx) — x" of (x + Ax) = (x + Дх)" 


2 о усх lim (x + Ax)! — x” 
i dx KUNST AC 
lim ж( 1+ ах) — x" 
ЭО ВМ OE TIE OTT Ву 
Ах 


77 


Ву Binomial theorem, 


lim »| о шу n 
“ЭЇлх-эд0 2 


Ах 
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lim Arme + n(n — 1)Axx"™ +. (axe | 


= Ахэ0 2! 
AX 
д jt A 
РЭ Aw nx"-i 4 jou neo) (Ax) х"-2 i 


eri 
= пх"-1, Since all terms after the first vanish. 


Thus, - xi 15x51 15 x 
E gM — 24 xM-12 24 x5 


2. Derivative of x"? 
f(x) = 1, Их + Ax) = (к + Ax" 


24 aa. Ма Ge Adee 
* dx AxÜ Ax 
_ dim (Ф Лх) х (xt Ax)? x? 
~ Ax >0 Ax (x + Ax)? + x? 
_ lim (x + Ax) —х. 
= Ax 0 Ах{ { (x + Ахун? + xi) 
lim Ах 


= дх>0 дк + Да) xj 


1 
Axo0 (+ Дх) +x?) 


Дх-д0 1 

ГЕ S TERT (x + Ax)? + lim x! 
Дх>0 Ax 

uu 1 

7 хх 

-ixun 


Note that 2 хи xx - 
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So that the derivative of ху could have been obtained by the formula 
of (1) of this article. Though it will not be attempted in this book, it can 


be established that for any real number n, = x? = nx^7l, 


(3) Derivative of Sin x (x being in radians). 
f(x) 2Sinx. х + Ax) = Sin (x + Ax) 


Tq uo. si d A) cs Sin x 
22 оос — Ах->0 AX 
_ lim Cos 2E AX. gi Ax 
Ax Ax 
Ах \ , Sin Ax 
_ Ша Cos (х+ 5) es 
d Ax0 AX 
PA 
: Ах ae 
ыы а, в 25 
Ax0 Ax 0 “Ах 


2 


it has already been asserted that 
lim Sin 0 
8-0 D = 1. Now аз Дх-0, 550 


"Sin AX in AX 
M ou 3» 
ИР гат 


lim 
also, Axs0 Cos ( х + as ) = Cos x 
Substituting in the above expression, 


C RUN 
= Sin x = Cosx 
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Note that x is to be in radians. In the derivatives of all the trigonometric 
unctions discussed hereafter, x is in radians unless otherwise stated. 


4. Derivative of cos x 


f(x) = cosx ~. f(x + Дх) = cos (x + Ax) 


d _ lim cos(x-F Ax) — cosx 
ах 005 х = Ах 0 720780 18 à 
о) 
ur 0 
Дх-» no 
x A 
lim sin ( х + >): (= 5ш Ta: 
— Axo0 Ie NX 
2 
Ё ЖОГА. AX 
CU ohm —sin( x + 2) apad 
ion AXexO NX 
2 
im {= sin ( x+ 23) mo sin AT 
= Дх-0 то Ax-0 AX 
2 
А 2 
азоо сн 
W EM 
e have, RS. Ах 1 
2 
апа ЭС 0 ( =sin( x+ 2) == — sinx 
So that 4 cosx = — sin x. 
5. Derivative of a constant K. : б 


Here f(x) = К. 
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ie f(x) = Ke Л f(x + Ax) =К.( + Лх) = К. 


d lim K—K 
dx Ax70 AX 
uum 
~ Ax20 Ax 
_ lim 
Дх--0 0 
e oos Qua 2. Exe fs! d Н 


6. Derivative of tanx. 

f(x) tanx f(x + Ax) =tan(x + Ax) 
6d _ lim tan (х + Ax) —tanx 
“Ф Барон, Дх=»0 Ax 


lim sin (x 4- Ax) sin x 


= cos (x F Ax) cosx 
Ax70 Е 


— lim. sin(x+Ax) соѕх — зах: сов (x + Ax) 
© Ax20 cos (х + Ax): cos х, Ax : 
_ lim sin (x + Ax — x) 

= дхэд боз (X + AX) cose ДХ 


zu lim EX CUI M end s Sin Ax 
Ах->0 cos (x + Ax)'cos x AX 
lim 
да qa rire bid sin Ax 
lim. cos(x + Ax), lim cosx Ax >0 SAX. 
Ax0 „ Ax>0 


1 
=. 
COS X * COS X 

es 
cos? x 


== Sec?x. 
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7-13. Algebra of derivatives : 

For the scope of our discussion, we shall assume the laws of deriva- 
tives for addition, subtraction, multiplication, and division of any two 
functions of x without proof. 

Let f(x) and f,(x) be any two real valued functions of x. Then the 
following are the rules giving the algebra of derivatives. 

(i) Derivative of a sum. 2 

d d d 
& (509 +80 } = 5008 ас МЮ 
i. e. the derivative of the sum of two functions is the same as the sum of 
the derivatives of the individual functions. 
sd [qu Ludo е id, 
. Thus dx ee } SU Sinx + a x 
— Cos x 4-9 x? 


(i) Derivative of a difference. : : 
d d d 
к (89 — £00} = C0 — а 809 


с. the derivative of difference of two functions is equal to the difference 
of their derivatives. Thus, = 


2 | хи? — tan x | = I ху? — 4 tan 
1 
ee kae, dou a 1 
z х Sectx ] 
= — — Sec®x 
2x 


Both the above rules can be extended to more than two functions. 


(iii) Derivative of a product : 


а (80:80 = 4 цо) f) и 


i.e. The derivative of the product of two functions — (first function) 
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X (derivative of the second function) + (second function) x (derivativ: 
of the first function.) 


d з, == үзе d q . 4 3 
Thus, dx € cos X) = X ах 908 X + cos x ах (0) 


= 39. ( — sinx) + cosx · 3x? 
== — X’ sinx + 3х? cos x 


This rule can be extended to the derivative of the product of more 
than two functions. Thus, 


Let u, v, w be any three functions of x. Then, 


Е (uv v)- = (o у) 2 


4 4 
(using product rule) = (пу) dx WW ах (uv 


dw dv du) 
=u V ах tW jud tY х) 
du dv dw 
Ум а Ну dx Т ЧУ gy 
Similarly, for any n functions ш, и, ........ Un of x, 
du. 
dx (Uu Ware, creas Un) = Us Ug... Ug ка 
du, 
*F Ug dg... Un nues 
du; 
F Uy Шу Unir dx 


ER o d 
[ de (x /2 sin х) dx (s x!?- sin x) 


NC e d а = ha 
=x $m x, qx OO +x sinx ay (xt 
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d 
xia €. (55 
xxt al (Sin x) 
= xli! Sinx 1 + x Sin хэр "x78 4. x32 Cos х. 


(iv) Derivative of the product of а constant and a function of x. 
Let k be any constant and f(x) be a function of x. 


Then, 4.(к100)- p Hors He 


шал [ieta x) сү 


| 


lit ovo lim f£(x+ Ax) (х) 
Ах- 0 Ах-»0 iR NES 110 


4 4 
= ka. © 


d 


kt d PESOS. 
Thus, ay (5 х7) = 5 ax * 


Sx 


! 


= 35 x! 

d SEE LUE 

= (— Sin х) = 3 | 1) : Sin x] 
=(—1) 3 Sin x 
= — Cosx 


(v) Derivative of a ко 


4 
4 f, (x) f © ax afi ie h 09 фс 809 
dx { f (x) Je fe (к) } 
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Thus, the derivative of a quotient 


(Denominator) Х E numerator) — (numerator)x 2 (denominator) 


(denominator)? 
хо er х 
тапана апя ах 213 02 ах 
8( ХК. (x5? 
_ Xf sec? x — tan x 4 x? 
И qs 


_ х вес2х — 4іапх 
ев — 
7.14. Some more standard functions 


With the help of the quotient rule, we shall now find the derivative 


of some more standard functions and extend the rule for the derivative 
of x^ to all integral values of n. 


1 Derivative of cot x 


d — d fcosx 
dp m alas 


Sin x X (cosx) — cos x 4 (sin x) 


(sin x)? 
= sin x (—sin x) — cos x (cos x) 
. Sin? x 
Е 
sin? x 
= — cosec? x 


2 Derivative of sec x: 


4 Sec Х = i : 
4х dx \ cos х 
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d d 
5 COSX дс (1) - К (cos x) 
(cos x )* 


(cosx) xo — 1 x (— sinx) 
cos? x 
sinx 


їг E 
cosx  COSX 


= sec x · tanx 


3. Derivative of cosesc x 


It is left for the students to prove that 
ДЭ cosec x = — cosec x cot x. 


d 
dx 

4. Derivative of х" where n is zero or a positive or negative integer. 

If n is zero, then the derivative of n is the same as the derivative 


of a constant and hence is equal to zero. 
d 

ба = 
For, a, х йг (0) = 0 

If nis a +-ve integer, then as has already been proved, 

= wm == пх 
We shall consider the case when n is a —ve integer. 
Letn = —m where m is a +-ve integer. 


d á 
dl m ТЕТ 


^ dx 
E. 
dx E 
d d 
xa 0-00 By 
(x)? quotient rule 
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x" x0—1- mxe-1 
Se sc рүү ee MEDIIS 
xim 


— m x^m-1 
= nx^-i nasm 
Thus whether n is zero or +-ve or —ve integer, 


4 x" = рх -1 


The quotient rule can be applied similarly to prove that 
d 


ane x 718 — — Н x-3 


dx 


7:15. Ilustrative Examples : 
Find the derivatives of : 


d) 3x? — 5x 4- 10 @{ Мх— g у 


Gi) Ge S (iv). 5 х 47 x +6 


Зх 2х +9 
6 x5 
DSi Cut | 
O & 08-55410-2 02-694 4509) 


54 
зо Gods (0 0 
=3*2х- 5.1 
=бх — 5 


OE (v uS Сна 


2 XE Ч - 2x7 + x-1) 
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X (73 xU 
—1rl1x3—2x?* 1 
шу Sp cayra ЕБ 
ау = (“Уз -5v5 ) 


= $n — 5 iit) 


x 5 xa 5 ja 
5 3/2 
= z ix — x1] 
5x2 4 7х 46 
09 ox CA oe 


89 + 21 945 4 (суа 7х +6)— (5х2 7х + 65 (+ 2x + 9) 


Gx? +2x + 9)? 
Ox 2x 9) (10x + 7) — (5x? + 7x + 6) (6x + 2) 


З — 11x? + 54x 4-51 
(Зх? + 2х + 9) 


(у) = P x cos x) = 2 24 6х5 cosec x 860 х) 
=6 = d (e cosec x séc x) 


d d 
о [uds sec X ac х5 + x? secx dé соѕес X 


+ x®cosec х = sec x] 
=6 [ cose x seox . Sx! + x5 sec x (— ©0860 x сох) 
" ГА 


+ х5 соѕес x. 8©0х. tanx | 


= 6 x*secx совесх [ 5 — x cot x + x tan x] 
^ 
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7.16. Geometrical meaning of derivative : 

» We have seen before that any expression of the form y — f(x) 
where f is a real valued function, can be interpreted geometrically to repre- 
sent a curve. We now proceed to show that the derivative s of y with 
respect to x provides a method for determining the slope of the curve 
y — f(x) at any point (x, y). 

Let P(x, f(x)) andQ (x + Ax, f(x+Ax)) be two points close to each 
other on the curve y — f(x) drawn in the rectangular cartesian reference 
frame x'ox and y'oy. Let the chord PQ and the tangent at P make angles 
$ and ф respectively with the axis of x. Also let PM and QN be perpen- 
diculars drawn to the x-axis from P and Q respectively and PR. be per- 
pendicular to QN. 


Then, ОМ = х, ON — x + A x, PM =f (x) 
QN —f (x -- Ax) 
So, PR = MN = ON — OM 
=x+Ax-x 
= Ах 
and QR = QN — RN = QN - PM = f(x Ax) —f() 
In A PQR, Z QPR = 9 


$ _ ОК + Лх) – fx) 
tang = SR c-r 
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Now let 9-Р. Then the direction of the chord РО-» the direction of the 
tangent at P and ф > у. Also, as Q Р, the co-ordinates of О 
tend to become equal to the coordinates of P so that x + Ax > x and 
hence Ax +0 : 


+. from (i), lim tan 9 = lim {х + Ax —® 


е a —— 


oV Ax-0 AX 


2. tany = REC 


Thus, È f (x), і.е sy represents the trigonometric tangent of the 


angle made by the geometric tangent at the point (x, y) with the x 
axis. This quantity (that is, the trigonometric tangent of the angle made 
by a line with the x axis) is called the gradient or the slope of a line. 
Therefore, the derivative at any point represents the slope of the tangent 
to the curve at that point. 


This provides a very useful and accurate method of finding the 
slope of the tangent at any point and therefore the nature of the curve 
at that point. 


Remarks : 


1. If the tangent at a point of a curve is parallel to the x - axis 
then y =0 - tan y = 0. 


Чуй 
B com 


Thus if at any point of the curve, D — o then the tangent at that point 


is parallel to the axis of x and vice versa. 


2. Just as the derivative of y with respect to x is the trigonometric 
tangent of the angle made by the tangent at the point with the x axis, 
similarly the trigonometric tangent of the angle made by the tangent at 
the point with the y axis is the derivative of x with respect to y. In short, 
if 0 is the angle made by the tangent at (x, y) with the y axis, 
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х 
\ 


then, tan 0 = нэ б 
dy 


is 9:0 is the condition for the tangent at the point (x, y) to 
be parallel to the y-axis. 


Sault = has the same value at two points (or even more) of a 
curve then the tangents at these two points are parallel to each other, 


Hlustrations : 


(1) Find the slope of the tangent at the point (2м ) of the 
Curve y — x?. 


vyex. мон 4 


RT 
= (2х) 2. 1 го 
anc. a ee aes a 49 5 =з 


The slope of the tangent on 2» 2) is therefore 1, 


This means tan ф = Те epa (5 4) So, the tangent af 


(5 1) is inclined at ап angle То the x - axis. 
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(2) Find the points on the curve y = х? + 3x where the slopes 
are given by (i) 11, (ii) 4, Gii) 3, (iv) 0 j 


Since y — x* "3s e s =2х t3 


овои 


When x = 4, the equation у = x? -+ 3x 
yields y = 4? + 3:4 
= 28 


The point is (4, 28) 


бр 4-4 n 2+3=6 


ee 
s vine 
When x =} the equation y = x2 4 3х 
> 20 1M 24 
yields у= (5) d 
i13 
204 


Y ME 
The point is (© j ЧЭ) А 
шу “Lag 3 2099989 ee 
dc 2 i 


2. by the same method as used in the above cases, y == 0 
7. The point is (0, 0); that is, the origin. 
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d 
V. geo 2 20434350 


in 
dE 2 | 
ЕЕ i) 
y -(- 2) ч; 
зэв 
о. 
ХИЙХ, 3 9 
The point is { — mem: Thus at the 
1 3 9 i 
point (- Aa the tangent to {һә curve 


у = х? + 3х is parallel to the x —axis . 


(3) The equation to a curve is y —x3— 7x? + 5x —2. 


Find the point of the curve where the tangent is parallel to the tangent 
at (1, —3). 


The curve is y =x? — 7x? + 5x — 2 
+. Slope at any point is given by 


Чун N 
EIS 3x? — 14x + 5 
dy _ 
at @,—3), 57 -3-14-5 
=—6 - 


at the point where the tangent is parallel to (1,—3), the slope must be 
the same. 2. We have to find the point where the slope is — 6. 


ie. 3х2— 14х +5 = —6 
ie. 3x? — Mx +11 =0 
ie (х — 1) (3х — 1) =0 
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і.е. х= 1 or п 
і.е. х= 3 
Іх =1 then y = x! — 7x2 + 5x —2 yields y = — 3 
i. e. point is (1, — 3) which is the given point where the slope is —6. 
Ех = 5 then from the equation to the curve, y — — оо 
at the point " ‚- 2) the slope is—6. Therefore, at this 


point the tangent is parallel to the tangent at the point (1, — 3) 


7-17. Velocity and Acceleration : 
As has already been observed in art 1-70 (Remark 4), the derivative 


= is the rate of change of y with respect to х. If the independent vari- 


able is the time denoted by t and the dependent variable is s, the 


: : 8 
distance of a moving particle fronva fixed point, then | represents the 


ds . 
rate of change of position with respect to t. In other words, di is the 


rate of displacement, or as we generally call it, the velocity. 


ds $ 
Thus, v = dicU od () 
Similarly, the acceleration which is the rate of change of velocity is given 
dv : 
b „f= Е ii 
y dt » (il) 


The expressions (i) and (ii) are very useful and we shall shortly dis- 
cuss some of the many types of problems in which they_are used. The 


: 48 
expression (ii) can be written in another way too. Since у == 


Ee 
duet £). 


The right hand side of this expression is the derivative of the deriva- 
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2 
tive of s. This is denoted often by 28 and is called the second 


derivative of s with respect to t. Thus, if a particle moves along a curve 
given by the equation S = 3? — 2t + 11 then, to find the acceleration 
at time t = 2, we proceed as under: $ = 36 — 2t + 11 


х 0138-2411) 
-98-2 
ва (8) 
E E NTA odi dt 
а e (8-2) 
шав. 


* at t = 2, the acceleration = 18 x 2 
= 36 units. 


z 5 2 
In general, if y is a function of x [say у = | then ФУ. denotes the 


second derivative of y with respect to x and is obtained by differen- 
dy 


tiating the expression for dx once again with respect to x. | 


Thus У d 2) 


dx? dx (4х/. 


7:18. The chain rule of derivation : 


Sometimes the dependent variable y is not given directly as a. func- 

tion of x. Instead, y is given as a function of some other variable, say 2 
while z in its turn is given as a function of the variable x. In such cases, 
the derivative of y with respect to x can be found by the formula derived 
as under and the process is called the chain rule of differentiation. ' | 
We shall assume that z and x increase or decrease simultaneously 
and so do y and z. | 
3 
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Then, since y is a function of z and z is a function of x, therefore 
nt Az of z, and 


to any increament Ax of x will correspond on increamei 
thereby an increament Ay of y. Also, since Ax, Ay, AZ are nothing 


but real numbers, we have, 


lim Лу На. f By AZ 
Ах--0 A) = AxO0NAZ Ax 
lim Ay lim Az 


= хэ Az An Otis 


But as Ax —0 we shall have Az-0, 


еы, AY e qm M 
So that 4 050 Az) Д0 NES 


lim Ay lim Ay lim Az 

а Ax>0 eje Az>0 Az X Ах-0 Ax 
dy dy y dr 
dx pda dx 


Tilustrations : 


1 : 
1. Differentiate 3 — Zx with respect to x. 


1 Usu 
Let y = зв" We require gy 


Put 3—2x? =z 


(3-2xy* = 2 (21) 


. dy d 
“onde fay doe 
d : 
cà PES T = et) Х dx GRN 
= (—1) (Gr?) (~ 4x) 
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2. Find the gradient of the curve х 2 + у?В=5 at the point (8,1). 
Differentiate x?? + у 5° —5 throughout with respect to х. 


Doha S ymo ds. 


Я = 


d 
x 8-3 + 53 yl x i 281) 


IN эм 


x1? + 5 yas T = 0 


xus ys 
x EX уб Ux M8 


( T 
x 

1 Үз 1 
at (8,1), ео y Л 807) 


Hence the required gradient is 


go v 
< 


EXERCISE 5 і 


1. Express the following intervals as sets in tabular form. 


© [3.5]. Gi) (—6,0] (i)(—5, —1) (іу) 1— 2,4) 
(v) (а, y) (i) (on] (vi) [—k, К] 


2. Compute the following : 


G (-L2UD, 5) di) 10, 5]U (5, 8] | 
(iii) [6, 7) U [7, 9] (iv) (-2,-1)01--41, 0127 
(у) (-5,—30(—3, -1) ^ (v) 2, 9065, 11) | 
(уй) (4, 13)0 (—1, 7] (vii) (—8, 2) u IO, 3] | 
(їх) 1-4, 3]U [I 3) (x) (—2, 5) 000, 21 | 
(xi) (2, 9) n (7, 11) (xii) М, 6] n [5, 8] 


_— 
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(кш) ©, 3), 4) (xiv) (—1,2]п 0, 7] 
(ху) [—5, D a (72, 0) 


3. State whether each of the following is true or false: 

à (5 7)c C2, 7) 

Gi) [- 1,0]=(—2, 1) 

(i) (- 3, 3]=(—4 3) 

(iv) (a, b].U (b, с] Ц (с, d) = (а, d) 

(у) [а b) U[b, с) и [с, 9] = 1а, 9] 

(vi) (а, b) (b с) =(а, c) 

(vii) (a,b) n[b e) — 9. 


4. Find whether the following numbers belong to the 2 nbd of 9: 
8-9, 9-05, 9-3, 9-009, 8-79, 8:08, 8-88. 


5. Given three neighbourhoods: 


1 


А 7 nbd. of 5 


| 


B = :02 abd. ot 7 
с E nbd. of 49. 


Find to which of these neighbourhoods the following real numbers 
belong: 


1 12215228 
48-8, 495, 52, 4:9, Түр Sgr 57 69 7-005. 


6. Evaluate the following limits : 
(i) lim x?—1 (i) lim — x*—3x*—4 


rel eds x22 x-x-—6 
ШИ х : lim х?--2 
0 .0 сше “2000 


lim (13951 лаа 2! 
х-1 ed (n) x2 52-4 : 


(у) 
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(vi lim Sx*— 6x2 4-3 (vi) lim х-36 
xJ2 х2-1 X353 4 Х5-59 
(ix) lim: 2х +1 


x —4 2x4 58 —4х—3 
(x) lim /За—х — 42x 


xoa ж-а? 


7. Fiad the value of cach of the following limits : 
(i) lim  cosx—cos« (ii) lim 2(1—cosx) 


x x х-« x0 X^ 

(1) Jim sinmx (iv) lim М2 —cos x 4- sinx ] 
X-»0 sin nx x (4x-- n)? 

(v) lim /1-соёхү (vi) Ша ү1— cosx 
х-»л | tan | х>о xsinx 


(vii) lim tan x — tana 
xa x—a 


8. Differentiate the following functions with respect to x from the 
first principles. (a) 2x + 3 (b) х2 — 4x + 5 (c) sin 5x 
(d) tan 3x (e) sec x. 

9. Differentiate with respect to x 


@ xum, 4, 
iut ds 
(ii) =, 27x? 
(iii) 3 cosx + 9x4 
(iv) 5 tanx -4 —sinx+ 4 


(v) kx" — b» +3 
(v) (e) — 8, 
(vii) x! sin x cosx 
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(viii) 
(ix) 
(x) 
(xi) 


(xii) 
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A 15x5 tan х 
5x17 sec x + 20 
3sinx 
x 

cos х+2 

sin x 
3—tan x 

ax + b' 


10. Find the derivative of tan x by the quotient rule. 
11. Use the chain rule to differentiate the following functions with 


respect to x. 


0) 
(iv) 
(vii) 
(ix) 


(xi) 
(xiii) 


(ху) 


(хуй) d x9 
(xix) (3х—1) V x3 42, 


12.- Prove that a x = 


4 
ee 0 e 
os? (v) Gl ©, (vi) sin? раг —7 


10 tan? x + x'sinx, (viii) Gig 


sin (ax? + bx? + d), (x) ro 
(px? +2ах +1)”, — (xii) ке 5 


Vüan7x » (xiv) 35sinx" — v (а + bx) 
5 cos x 


(крау? (xvi) соѕёх ѕіп?х , 
x 
x) (xviii) EX 


(хх) 10 (x + а)? cos (bx + d)? 


d (— 3)х-* with the help of the result 
х 


20)--8 
Х х 


13. 


14. 


15. 
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Find the slopes of the following curves at the given points : 


(i) xv? 4+ уш =5 at (4, 9) 
(i) 2x? + 3y* = 11 at (2, 1) 


(iii) L у =4 а(1,3) 


(iv) x3 – у? = 9a? at (a, 2a) 
(у) ху=1 аї (6, — 2) 


The surface and volume of a sphere of radius г are given by 


S—4mn?*, and у=; mr? respectively. If the rate of 


increase of radius is 0-15 cm/sec, find at what rate the surface 
increases when r — 5 cms. 


А wire of unknown resistance is joined in series with an ammeter 
and a battery of negligible resistance and in parallel with a 
voltmeter. The ammeter shows a reading of 0-2 amperes when 
the voltmeter shows 1-20 volts. At what rate should the current 


be changed to get a change of potential difference at the rate 
of +3 volts/sec? 


d tial di i 
[us Ohm’s law : Potential difference ance ] 
current 


16. A gas at constant temperature is contained in a vessel fitted 


17. 


with a movable air-tight piston. The volume of the gas is 25 cm? 
when the pressure is 4 cms. The piston is moved up so that 
‘the volume increases at the rate of 0-2 cm?/sec. Find the rate 
of change of pressure when the volume is 20 cm?. Explain 
the sign of your answer. 


[Hint ; Use Boyle's law: PV = constant] 
ЇГ g(x) = 3х5  — бхї + 4x € 2, findg!(—2) and 613) 


The volume of a water pitcher is given by 2h3—10h where В 
is the heigh: occupied by water. What will be the rate of rise 
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21. 


22. 


23. 


24. 


of the water level when the depth of water in it is 5 cms if 
water is being poured into it at the rate of 28 cm*/sec? 


The object distance u, the image distance v and the focal length 


f of a lens are connected by the formula E See tie 


u 
An object, placed at a distance 4 cms from the lens on its axis 
moves away with a velocity 8 cms/sec. along the axis. Find 
the velocity of the image if it is formed at a distance 3 cms from 
the lens. [Hint: -f is constant] 

A car starting with a speed of 20m.p.h. drives in city 
area for an hour, then turns over to a highway where the 
distance it covers from the starting point is directly propor- 
tional to the cube of the time in hours. Find its velocity and 
acceleration after half an hour. 


Find the velocity and acceleration of a particle moving along a 
straight line after (i) 2 secs, (ii) 5 secs; in each of the following 
cases : (а) $ = 5 

(b) 35 = 10— 6t + 3€ 

(с) S = 28 — 20t 


Distances are measured in ft. 


А spherical bubble of volume 1 c.c. contains a gas at a pres- 
sure 5 cms. Its volume changes with the pressure given by the 
relation PV1 = К, where К is a real constant. If the pressure 
varies at the rats of *02 cm/sec, find the rate of change of the 
volume when V — 25 ccs. 

Find the point at which the tangent to the curve y* = 4ax 
is parallel to the y axis 3 
Find the point at which the tangent to each of the following 
curves is 


(i) parallel to x axis 
(1) parallel to y axis : 


(D x+y = 16 


330 


Q) 


x2 
85, 


+ < 
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| 


25. А particle moves along a straight line and its position after 
t secs is given by $ = 10 + 3t —8t? + 1 
Find the acceleration of the particle at the two times when 


1. 


2. 


3: 


the velocity is zero. Distances are measured in ft. 


) 
(ii) 
(iil) 
(iv) 
(у) 
(vi) 
(i) 
(iv) 
(vi) 
(ix) 
(xii) 
(1) 


(у) 


ANSWERS 


4/3 < x < 5} 
(x/—6«x«x0) 
(x/ 5<х< – 1} 
{х/—2<х <4} 
{х/а <х <у} 
‚ (с <х<п} 


(— 1, 5), (ii) (0, 8], (ii) (6, 9]. 

(— 2,0], (v) (-—5,-1)~ 9) 

(2, 11), (уй) (4, 13), (viii) (—8, 3] 
[—1,3], (х) (—25), (хі) (7,9) 
[5,6], 04) 0, (xiv) $ (xv) (—2, 0). 
true, (ii) true, (iii) false, (iv) true, 
true, (vi) false, (vii) false. 


Yes, Yes, No, Yes, No, No, Yes 


С, 
(i) 
(vi) 


(x) 


© А АУ Асов ups 

2, (ii) 4, (iii) 4, (iv) 2, (v) 2n—1 
1 ecd! DN 3 Е 4 
27 (vii) $^ (viii) bm (ix) — 77 
—3 

4v/2 аз? 
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7. @ — sinx, (001, (i) =. ‚ Gy) м 

(у) 2, (vi) >, (vii) seca. 
8. (4)2, (b) 2x—4, (©) 5cos5x, (d) 3 sec? 3x (e) sec x tan x. 
9. бу -135, 258, — 3 


— 345 10 


(i) аг, 189%, з, ii) —3 sinx + 36x? . 


(iv) Ssec?x + F — cosx, (v) knx-!, (vi) merx™-i, 


(vii) 10x? зо cosx -+ x! сов2х — X” sin?Xx 
(уш) 15. PEL tanx + /15х5 secx 
(ix) 85x26 sec x + 5х1" sec x tan x 
(x) 3 (2х — ын ) ‚ (xi) — [cosec? x + 2cot x cosec x] 


od) — [(ах + DER $^ — tanx)a ] 


11. À) : ) (1-8) Gi) HIS 


— 28 
(iii) T Qv) (4х+15у°, 0) ey 


: 12x 
2 3 "S aa 
(vi) Зх? cosx?4- Get + 1? 
(vii) 30 tan?x sec*x++2x sinx + х? cos х. 


ena LOLI 
(viii) "OG 
(5x3-L- 9) -2 sec?x tanx — 15x? sec?x 
(x) (5x8 +9)? : 


, (ix) cos (ax? + bx? +4)", 
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7 (px? + 2ах + t)9? (px + q) - 
— 3 соѕ 5x cos 3x +5 (1— sin 3x) sin 5x 


cos?5x 

7 вес?7: eis 
2 , (xiv) 35mx"-! cosx" — Ё (a + bx) 5 
— 5 sinx (x* + а)—5пах"-! cosx 

Qr a 
2 cosx sin x (cos!x — 2 cos?x sin?x) 
2x (1 + x*) МЕ — 23 
"exon (xviii) (х9) 
Зх (Зх 1) 
2 Vx 42 
10 (x + а)* [6 соз (bx + d)? — 3b (bx + d}? sin (Бх--а)3] 
AR 27-4 2 : 1 
mpl (ii) ——, (iii) —1, (iv)4, (v) q^ 
бл cm?/sec , 15x cm?/sec . 


-05 amps/sec 
-05 cm/sec. 
436, S71 

`2 cm/sec 


1 
4 5 cms/sec . 


.25 m.p. h, 60 miles per hour per hour. 


(a) vel : (i) 20 ft/sec , (ii) 50 ft/sec; Асс: (i) 10 ft/sec? , 
(ii) 10 ft/sec? 

(b) vel : (i) 2 ft/sec, (ii) 8 ft/sec , 

Acc: (1) 2 ft/ sec? , (ii) 2 ft/sec? . 

(c) vel: (1) 4 ft/sec , 

(ii) 130 ft/sec, Acc: (i) 24 ft/sec? , (ii) 60 ft/sec? . 
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11:7 c.c. s/sec- approximately . 

(0, 0) 

24. 1. @ (0,4), (0, — 4), (i) (4, 0), (—4,0) 
2. (i) (0, b), (0,—b), (1) (а, 0), (--а, 0) 

25) — 8 ft/sec? , 8 ft/sec? . 


ә 
w N 


CHAPTER EIGHT 


Integration as Antidifferentiation 


8-1. Consider the following examples : 


42855 as 
1. ах = 3х 


2 А6. sinx = cos x 
Ceu = 
d 
3. qn х = sec?x 
x 


Thus, 


derivative of x? is 3x? 
derivative of sin x is cos x 
derivative of tan x is sec? x. 
We may think of these results the other way round as : 
1. 3x? is a function obtained by differentiating x? ; 
2. cos х is a function obtained by differentiating sin x ; 


3. sec?x is a function obtained by differentiating tan x. 
Instead of expressing these results in all these words, we generally use 
| the word "primitive" and write 


l. 3x*is a primitive of x?. 
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2. cos xis a primitive of sin x. 
3; see? Kasia primitive of tan x. ! 
More often, we express the notion of primitive in terms of an operation 
such that starting with the primitive, applying the operation, we arrive 
at the resulting function whose derivative the primitive was. This opera- 
tion is called the operation of integration. Thus, the examples stated above 
can be equivalently written as 
1. Integration of 3x? is x°. 
2. Integration-of cos x is sin х. 
3. Integration of sec?x is tan x. 
For the sake of convenience, the operation of integration is denoted by 
the symbol f. 
Гах ас 
| cosx dx = sin х 
| зес?х dx = tan х 
Note that cos x dx doesnot mean cos х multiplied by dx. In fact, dx is 
not a number at all. It is a symbol, and together with the symbol f, it is 
used as а bracket, to denote the operation of integration. The function 
to be integrated is enclosed between | and dx. 


` 


0 


Definition : If n f(x) = F(x), then f(x) is said to be an integral of 
F(x) and it is written as | F(x) dx = f(x) 


The function F(x) which is integrated is called the integrand. 
Integration thus defined, is an operation which. is inverse of diffe- 
rentiation. It is, therefore, also called anti-differentiation. 


That integration and differentiation produce exactly opposite effects 
on a function is apparent from the fact that if both are applied succes- 
sively on a function the result is to get back the original function. Consi- 


der, for instance, ^s f (x)dx where f(x) is any real valued function. 


Let 2 f(x) = ф(х) so that |0(3)4х = f(x) 
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a 1 p fx)dx = f ф(х) dx 
— f(x) 


8-2. Constant of integration : 
In the last chapter we have seen that 


d ч 
=~ tan x = 5ес°х 
dx 


and the derivative of tan x cannot have any other value. In fact, the deri- 
vative of any function of x has a unique value. This, however, is not 
true for the operation of integration. 


Consider, $ Six — cos X f COS X dx. = sin) x 
dave. Ў 
dx (sinx + 13) = cosx .. | cosx іх = sin x + 13. 
x (sin x + 205) = cosx .. | cosx dx = sinx + 205 
In general, d (sin x + К) = cosx 
ay cos x dx. = вах t k 


where k is any constant real number. 


Thus the integral of cos x is not unique. The operation of integration 
performed on cos x yields different results depending upon the function 
on which the inverse operation of differentiation is done. It should be 
noted that the different values of f cos x dx differ only by some constant. 
As far as the function of x in the result is concerned, it is always sin х. 


To take care of this aspect of antidifferentiation whenever it is given 
that 


a f (x) = F(x) 
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the inverse operation is always written as 
| Е(х)4х = (х) + К 

where k is any constant. The actual value of this constant varies from 
context to context and depends on the particular conditions of the pro- 
blem at hand. In the same context however, it remains the same through- 
out the discussion. $ 

kis called the constant of integration. In problems where integration 
is done under specific particular conditions, the constant of integration 
plays a very important role. As far as the scope of our discussion of inte- 
gration is concerned, however, we shall be interested more in the type 
of the function of x we obtain on integrating, than in the actual value of 
the constant of integration. To simplify matters therefore, we shall assume 
that we are always performing integrations under conditions which yield 
k — 0. So, unless the conditions of integration ate specifically stated to 
be otherwise, the constant of integration will always be taken to be equal 
to zero and therefore, never written down. It should however, always 
be remembered that the constant of integration does exist in every case 
of integration. 


8-3. Some Standard Integrals : ` 


= ntl 
1. Tee аши 
Si d +1 (2 
ince à = (n4 1х 


d fx 1 d 


e uU NEL ES uA 
dx V п+1 n4 1 dx 
1 "n 
= 9» 
= Хх” 
хээ! 
pris ETT n —l. 


2. f cosx dx = sin X. 
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26 sin X dx = — cosx. 


sec?x dx — tàn x 


A 
се 


cosec? x dx — — cot x 


secx tanx dx — sec x 


7 


9x 
б-- = t 


cosec X cot X dX = — cosec x. 


These results can be obtained directly from the standard results of deri- 
vatives. 


Examples : 
' Integrate (i) x3 (ii) 2 (ii) T 
with respect to x. 


0) fe dx = SFI a х 

(ii) Je dm (iie XU LY 
X bus 

(ii) os d (ox. Эр 


22 1 cot x *cosecx dx 
==— cosec x. 
| 2. И ф(х) and w(x) are any two real valued functions of x such 


that lx) — у(х) then prove that fot (x) dx = f(x) dx + К. where k 
1$ a real constant. 
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Let gt (x) = ү) =f) 
Also let | f(x) dx = F(x) + a constant, 


[фх) dx = | (х) dx = F() + с, 
and fw!(x) dx = [f(x) dx = F(x) + € where c, and c; are real constants. 
fo) dx — Лик) dx = су — Са 
Jp) dx = М) dx + К. 
8-4. Rules for integration : 


Rule 1. The integral of the product of a constant and a function 
of x is equal to the product of the constant and the integral of the func- 
tion of x. 


Let f(x) be any function of x. We wish to show that for any real 
constant k, [К f(x) dx =k | (х) dx. 


Let ff(x) dx = F(x) юэ 0) 
2. By definition, 
E F(x) — f(x) + (ii) 


d d 
Now, ak F(x) = К dx F(x) 


=k f(x) from (ii) 
fk f(x) dx = k F(x) By Definition. 
= k ff(x) dx. from (i) 


Illustration : 


| 5xi? dx = 5[х1 dx 
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Rule 2: The integral of the sum of two or more functions of x 
is the same as the sum of the integrals of the individual functions. 


We shall prove the rule for any two real valued functions f(x) 
and f, (x) of x. 


We wish to show that 

KEE +A) dx = f(x) dx + SEC) dx. 
Let ff(x) dx = ф(х). 
апа | (х) dx = ф(х) 


^. By definition, = ф(х) = fix) 
d 
and dx 909 —f:09. 


Now, д ($09 + 40) = Фо) + D 49) 


= (х + fax). 
АБС) + f6)) dx = ф(х) + (х) 
= J f(x) dx + J f(x) dx. 
This rule can be easily extended, so that for a finite number of functions, 
f (56) + f(x) +... f(x) }dx 
= f f(x) dx + f f(x) dx + ........ 
+ Í (х) dx 
Note: Obviously, f {f,(x) — f,(x)} dx = f f(x)dx — f f,(x) dx. 
for, f (f(x) — fa(x)} dx = ПЕ) + {—fa(x)} | dx 
= ff) dx + J (—1) f(x) dx 
= J f(x) dx + (—1) f fa(x) dx 
= J (х) dx — f f(x) dx. 
Illustrations : 


l. Integrate бах with respect to x. 
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2 2 
(x + ay dx To Tr ах 
х x 


= f (x75 + 2х-ва + хта?) dx 
= | {х-бах + f2x-%a dx + | x-'a* dx 
= Гх-бах + 2a | x-*dx + а? ]х "ах 


2. Integrate ftan*0 49 
[tanto 49 = f (sec? 0 — 1) 40 
= f sec? 0 40 — f 1-d0 
= tan 0 — Ө. 


[Note; Гах = 1dx = f x° dx = ol = x. 


Зе Рх) = ЖЕ d , find the equation to the curve у= f(x) 
which passes through the point (1, 2). 


Since. f(x) = 5x* + 1: 


; 1 
f(x SE f 5x? -+ =) dx. 
= 5 f x? dx + f x7? dx 
x3 x7? 
=5 + 2348 
where c is the constant of integration. 


y —f(x) is given by 


VANS 1 
y=5 ub. т Sic eran) 
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Since this passes through the point (1, 2) 


5 1 
vA mm LER аре 2 + с. 
SEE 5 
KC 
г. the equation (i) becomes 


аш 
1. 6, 6бх2уг--10:55--3--5х3 
i. e, 10x? — бх?у + 5x? = 3, 
Note that the constant of integration is to be determined since a 
particular condition for the function y — f(x) is specifically stated. 


8-5. Techniques of integration: 


One of the powerful and frequently used methods for solving 
integrals is that of substitution. When the given integration cannot 
directly be solved, the integrand, in whole or part is substituted as a 
function of a new variable. The whole integrand is then converted ex- 
plicitly in terms of this new variable. Consider for instance, the integral 
J f(x) dx, where f(x) is a real valued function of x. 


Substitute x = $(t) and let f(x), by this substitution, become F(t). 
Now, our aim is to find y — f f(x) dx. 


dy 


By definition, WEE f(x) 
т. = tw = FH 
a FO ge | 


By definition, y = f F(t) я * dt. 
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So, | f(x) dx = fF(t): т * dt. 


The types of substitution are varied and many, of which the following 
are some. 

Typel. Integrals of the form f(ax + 0)" 4х. neR, n — 1. 

Let ax +- b =t, where t is a variable depending on x. 

Differentiating both sides w.r.t. t, 


‚4 ай 
а О 


Now, 21 + b) dx = fe + by es + dt. 


= EC л dt - from (i) 


ев 218 dt. 


qnl (ax + by! 


Заа? n+l a(n + 1) 


In general, to integrate a function of any linear function of x, we always 
substitute the given linear function by a new variable and proceed as 
above. 


Illustrations : Integrate with respect to x, 
(i) f sin mx dx (ii) Ї У(2х +7) dx 
dc 1 
(11 ————=—= 
ет 
(1) 1 sin mx dx 


: i Do de Ар ма 
put m =t 201 чу = ey = 
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i eds dx. 
| ча mx dx = {зат ш dt. 


- f siat g dt. 
m 
ZN | ам dt. 
m 
1 
ppm (— cos t) 
1 
= — — cosmx, 
m 
Gi) [vae dx. 
dx 


pt 2134-7—-t 2. 2-4 =i. Mp 


юе 


х 


= fva dc P on d.d dt 


= НЫ cs 


(2х + 7) 


Y 1 e 1553 ОЛОХ To x—l 
69 уу dx n mx 2 НУ" 
ЗЭ Vx HVIL dx 
< 
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- fex + Vx—Ddx 
- $ хиз dx + [(x—1)"* dx 
Эл LOL DU puse Art. 8-5] 


s ку 


[хз + 9—1] 
(iv) If да (t—1)? and s=2 when t—1, express s in terms of t. 


Integrating with respect to t, 


ds Е 
at dt— (t—1)* dt 


E e E Jd 


=, gis t+ к Where k is the constant of 


: 
integration. 


Since s=2 when 1-4, 
р 1 5 


rae 5 = — —— — 
2=5 —1+1+К NS qw 3 3 
e = 

$ = setae = 


3s = 8 — 38 + ЗЕ 5 


Type 2: Integrals containing the product of a trigonometric 
function of x and its derivative. 
In such cases, always substitute the trigonometric function by a new 


variable. 
e.g. To integrate tan?x sec? x with respect tox, puttan x = t. 


346 


so that, sec?x 
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dx 
ach 


Х 
f tan? x sec? x dx ET tan? x see? x dx Tdi 


dt 


| 


аг 


ten 
pl 


_ ќапётіҳ 
pel 


8-6. More trigonometric types. 


1, е == dx. 


| 


22 
1 
3 [| dx -+ | COS 2X dx | 
1 sin 2x 7 j 
2 [ х= i ] (By putting 2x = t etc.) 


1 
= ax + 4 sin 2x 


| 


2. То integrate the product of any two linear trigonometric func- 
tions of x, express it as a sum or difference of trigonometric functions. 


e. g., 


ll 


1 sin 7x cos 3x dx 
1 i 
7 р sin 7Х cos 3x dx 


i \ { sin (7x + 3x) + sin (7x — 3x)} dx 


21| sin 10x dx + [sin 4x dx 17 
\ $ 
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y x I 10x cos 4x 
E a - г 


1 1 
= — зуу 908 10x — -g 008 4x. 


8-7. Definite integral : 
Abate, 
Definition : If | fx) dx = F(x) then f f(x) dx is the symbol 


а 


that stands for F(b) — F(a) where a and b are any two real constants. 
у b 
So, \ fi) dx = F(b) — Fa) 
a 


b 
The integral EO dx is called а definite integral of f(x) from 


a 


a to b. The numbers a and b are called the limits of f(x); a is called the 
lower limit and b is called the upper limit. 

To find the definite integral of a function between two given limits, 
the ordinary integral of the function is first to be found. The difference 
of the values of the integrated function at the upper and lower limits 
is the result of the definite integral of the function between the two 
given limits. : 

Note that the constant of integration does not play any role for a 
definite integral under any condition. 


For, let {ч dx = F(x)- c, where c is the constant of 
integration . 


(зөв = [re +e] = [Fo + e] 


[DI айлаа 
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[Fo € e] - [Fe n л 


1 


the constant c remaining the same at х = b and x = a. 
Illustrations : 


Evaluate the following definite integrals: 


@) f (= T3 D )& 


(2) Evaluate юм х 4х 


0 


ла Тв 
өвч dx — fes х'*соз X dx 
о u 

Tjo 


= fa —sin? x) cos x dx 
и 
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Пр Tja 

== \ cos x dx — sin? x cos x dx 
% 0 
Tja Ta 


9 
Tio 


7 ИГ Н 
Now, sin x] = віп — sin ОЕ 


0 


Ts 
For the other integral i. e, f sin?x cos x dx 
0 


put sinx —t 


cosx 9X _ 1 


dt 


E E ] — | зх cosx @х 
0 
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(0 


when x — 0, t = 0 and when х = 1а, t= ie 


Tja 1 
2, From (1) (ors dx= L= fea 
ü о 
-1i-[* ] 
xil 
1 
=т= 


- 
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a 
(3) 1 3x? sinx? dx 
о 


At x 20, t = 0 and at x =a, t— а 


3 
a 
f sint dt 
0 


a 
f 3x? sin x? dx = 
0 


3 

. @ 
= | —°%‹ 1 

0 


= — | cos а? —cos o] 
= 1 — cos аз. 


8:3. Applications of integration : 


/ 
The applications of integration are varied and many. Of the numerous 


applications of integration we give below only two, through illustrative 
examples. $ 


A definite integral, though we shall not prove it, is the limit of a 
summation. In fact, the notion of integration was first discovered and 
formalised in an attempt to find areas of circles etc. Integration as an 
inverse process of differentiation was established much later. 

1. Area beneath a curve: Let AB represent the graph y = f(x), 
OC = a, OD = b and СА and BD be the lines through C and D parallel 
to y axis. We define the area bounded by AC, BD, x axis and the curve 
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(that is, the shaded portion) to, ve f f(x) dx. Similarly, the area 
. a 


enclosed between the y-axis, a curve ix = Ку) and the lines x =, 


а 
Edu f fiy dy - 


Example: Find the area;between у = 0, y = X* 5, к= —2 
and x —3* К 
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Area — Ї (x? + 5) dx 
-3 


z 3 
TO ER 

-à 

33 (5203 BIO ЕУ 
= 5 зе рз 45( ›] 
_ 110 
imo 
= 2 
= 36; 


2. Area ofa circle: To find the area bounded within the circum. 
ference of a circle. > 


x 


Let ABCD be а circle of radius r. Choose the centre as the origin 
and two perpendicular lines OX and OY passing through O as the axes 
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of reference. The equation to the circle is x? + у? = г°*, г remains the 
same at every point of the circle and hence can betreated as a constant. 
The area of the circle = 4 (the area OAB)....(i) . 
Now, area OAB is the area bounded within OA (the x-axis), OB (the 
line x = 0), AM (where OA = г) and the curve AB (i.e. x? + у? = г, 
that is, у = ут х?) 


r 
Area OAB = {у= x? ах .... (ii) 
0 


To solve the integral (ii), 


put x — r sin 0 


a = r cos 0 (remember r is a constant) 
at the lower limit, x =0 ..0=0. 


at the upper limit, x =r .. 0 = 5 (since the area OAB is con- 


fined to the first quadrant) 
т. 
7. from (ii), Area ОАВ = | АЕ Тай Өт cost dd 
0 
2 
== Г: r? cos? 049 
0 


m 
hh 1 3 2 cos? 040 


0 


\ 


* This equation can be obtained by a simple method and may Бе found in 
any elementary book on plane coordinate geometry. 
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т 


2 Та” 
nus 1 (cos 20 - 1) 40 


9 Lj 


А т 224 
sin 
apes) | 
0 


Нас 
TA 

*. from (i), 

Area of the circle = 4 (=) 
= тї? 


3. Solids of revolution : 


Let the curve ABCD represent the graph of у = f(x) and the line 
PA and QD represent the lines x = a and x = b respectively. Suppose 
the area PABCDQ is revolved through four right angles about the x- axis 
Consider two points B and C very near each other on the given curve 
and let BT and CR be the perpendiculars drawn from B and C resep 
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tively on the axis of x. As the area PADO revolves about the x-axis, 
each point on the curye AD generates a circle about a corresponding 
point on the x-axis. The points B and C generate a circle each about T 
and R as respective centres. ч 

Let TR = Ax, BT = y and CR =y + Ay. Then the area of the. 
circle generated by В = 1 (BT)? 

“ОЛ уус, 

and the area of the circle generated by C = m (СК)? = т (у + Ay)?. 

^. If AV be the solid formed by revolution of the arc BC about 
x-axis, then 

ту Ax< AV < n (y + Ay) Ax 

The volume ‘of the solid generated by revolution of the arc AD 
about x-axis is the sum of all such volumes like ДУ, and therefore, if 
V be this volume, then sum of all volumes like ту Ax < V < sum 
of all volumes like л(у -+Ay)?Ax. Hence the volume formed 
by revolving the area bounded between the curve у = f(x), x-axis 
and the lines x — a and x = b about the axis of x is defined as 


b i 
у= (худ. 


а 


Similarly, the volume of а solid of revolution formed by a complete 
revolution of the curve x — f(y) bounded by the lines y = c and y — d 


d : 
about OY is | пх? dy. 
с 


Example: А vase is formed by rotating about the y axis the part 
of the curve xi 2y(y—5)* that lies between y = 0 and y = 4. 
Find the volume of the vase. 


4 
у=} wy (5—5)? бу. 


o 
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4 
= т | (y? — 10y? + 25 у) dy 


2 


4 3 2 
Yo — 10-5 +255; 


| 
я > 
a 


4 3 
Е л 
zc 52 3: 
EXERCISE 


Integrate the following with respect to x, 


1 
оо {ЧӘ ын > xus xc 


1 
Уз’ 
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КЫ 


6x? 4-9, xt — 20x + 13, ах? + b, шог 4 


5, SSD ух ен gray: А я ? 


x 
28: 1 3 
5 (vx me vi) 
Sie TE Gt (x yes aX Нас» find ø (x) with the condition that 
$ (0) =1 


Integrate with respect to x : 


3 1 ЕЙ Ate 
6. (x 4-5), (5х + 9), CEST Уо)? > У3—2х, 
Eys 1555) } 
(3—4x)? 
1 
Ч JAYXE GO VIT Е : rationalise | 


2x49 4 ax £9 ^ 3x +1 8 Л 
8. 1 Со tronc etr Hint <j = = z 
0) 3x qe L mé: ЗК ^ V3x+1 a V3x+1_) 


quU ut ie d et 
а OS Suy 
g I Fa) оё + 5 and Е) = 2 and 
1 
Е(1) = “6? find F(x). 


[Hint : Take into consideration the constant of integration]. 


10. The velocity of à particle moving along a straight liue is given 
by у = 40 + 3t — 1. Find an expression for S, the distance travelled 
by the particle, in terms of t, the time taken to traverse the distance S, 
given that the distance is measured in feet, from the point the particle 
was at t = 0 (ie. 5 = 0 at t — 0). Also find S when t — 4 seconds. 
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Integrate (1) № Bee E d, dx (ii) | (2х--3)(х2-4-3х)зах, 


Integrate the following. 


(i) 1 tan? 2 sec? z dz diy | sin’ X cos x dx. 


(iii) [e- Ж: cosec?u du. 09 | cos?x sin х dx. 


13. 


14. 


10 


16. 


17. 


20. 


21. 


sec? v 
б) 1 (2+ tan v үр 


f sin? x dx 
1 Sin? x dx 


sinx 


= 
V4—5 cos x i 


IL X sec? x dx [Hint : (an x sec? x —(tan x sez x) sec е? 


put secx —t] 


2 
je dx [Convert in tanx and sec x ] 
COS! x 
1 3 cos 5x sin 7x dx 
I 
7 95 2X cos 3x dx. 


i sin 9x sin 11x dx 


Integrate the ene by the substitutions suggested. 


Ha 


dx [ Substitute х = Sinu, б<и< 2 2 | 
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du agn RWA 
| 22. Toro [ Substituteu —tan y, O<y< 2| 
| dz i л 
| 23. 11 | substitute Wes үл ec we i] 
24. | X V ]—x dx [Substitute 1—х=@, t» 01 


25. Integrate Ї XVx-+1 dx (Ний: putx = 02 — 1] 


26. Integrate | vice dx 


27. Integrate fa -+ xD-3* ах 


| 28. А particle, starting from rest, moves with an acceleration 44—14. 
| Express Из velocity at any instant in terms of the time t, and find after 
| what time it will come to rest again. 


29. Evaluate the following integrals. 


R 1 
© | хэл dite quj | e bx? + ex + d) dx 


=} 


a 2 e 
(iii) 1 (557--2х5)4х e» ( io б) оо 
2 о о 


30. ; Prove that 


b 


b 
| гоо & 3 [roa 


г 
a 
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31. Prove that 

b a 

| гоо dii = [го dx. 

АТ b 
32. Prove . that 

b b 

fu Gide = - нө dx + | го dx 
33. Evaluate 

Tla Te 


(i) Ї вє х dx. (ii) 1 (sin 50 — 4 sin? 0) dO 


ü 


Ts The 
(ii) Ї 5 0 cost 0 dd. 5. dd 27 sin 2х sin jx dx 
0 
E 
(у) j sin? 2x cos 2x 4х 
qa т/? 
34. Show that { sine xdx = { cost xdx =" 
4 
0 0° 


35. If [e —5) dx = — 6, Find m. 


J 
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0 


36. If [9-26 o — S rint. 
у ! 


37. The velocity of a particle which starts from rest at a point 0 
and' moves along a straight line passing through Ois given by v—3t—t, 
t being the time elapsed from the start. Show that the particle is at rest 
again after 3 seconds and find its distance from 0 at that time. Distances 
to be measured in cms. 


38. Find the equation to the curve which passes through the origin 


and is such that at the point (х, y ), > =7— 6х + 5x. 


39. Solve the following equations, using the given conditions to 
determine the constant of integration. 


(i) 2 = 5 созх + 24x2; аі х = 0, yequals — 3. 


(1) x ЧУ та — 13x* + 9x; =1 аі y=0. 


40. A curve passes through the point (—4, 9 ) and its slope at a 
point (x, y) is given by 2 = 2х — 2. 


Find (i) the ordinate at x = 4 and (ii) the points where it crosses 
the x-axis, (iii), the point where it intersects the y-axis. 


ANSWERS 


5 als 22 5/2 E —3/2 222 в 
ПОЕТОТ сы н St 


2. 2040, Las — 102 13х, а а рь, дах 


үсе 1 2 
à C. pug 


t x 15/2 + 22 x’ + 6х3”, 
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8 
2905) 1 6 ' 
ЖИЛ LUE 
1 4 1 4 
HX + эх mp 1. 
Larss Бөөн PUE 
PES ' * b(a-Ebx) 
1 
223 plo. CS CL 3/2 
Qt P --2х)98, “ерх 


ayy [2x 4-3) — Ox — Ту] 


0) ч [Bx + 19? + 24 (3x ++ 1)/2] 


(i) о. (2 = 5х) 4 (2 — 59" ] 


13. 


14. 


i) 2- (x Deh 6(x 4 2n 


сои lexy 


s= ац. Teti ; otn, 
- (i) С ==)" (ii) ICE ID 


‚ F tantz @ - Ып X (ii) д. 866 — 7 cot u)! 


то a 
ом, © ар 


i 
aa b. sin 2x 
1 


* COS? x — cos x. 


Le =. Еж, 4 xis — 141° + 8x712, 


1 
| 
‚ 
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28. 


29, 


ы өр» u| 


: = \/ 4—5 cos х 


— secx 
б 


tan? x 


3 


OI (cos 12x + 6cos2x) 


2 


1 
170 


(sin 5x + 5 sin x) 


1 5 р r 
407 (10 sin 2x — sin 20x) 


tan +u 


ЖИВИ ЕЁ 


01-хА8- 3 (1 —xyr 
(х + 98 — (x+ DY 


2h 


e 
=e 
n 
м 


за DIU as 
VJ 1+ x? 


= 2t?— 14%, 7 Seconds 


O W7, (iy) 20830, 09-44-4 


(iv) ab S vi li v) 


1 ee 
35 jou МТ к 


2 


3 


а агай сие: 


2 


c? 
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33.0) 1, 6) jar- ico ®, (ij) qi 0 I соз 7 


00713) 


в — 5 
37. 4 5- ems. 


38. 5x! — 9x? + 21x — 3y = 0 
39. 1) y = Ssinx + 8x? — 3 
(1) 14х% — 39 x? + 54x — бу = 29 


4. ( —7, (ii) (—3,0) and (5, 0), 
(iii) (0, — 15). 


